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I. ON THE CRYSTALLOGRAPHY OF A 
HIGHER BORIDE OF ALUMINUM 
ON THE CRYSTALLOGRAPHY OF A 
HIGHER BORIDE OF ALUMINUM 
INTRODUCTION 
As part of a program for the structural study of com-
pounds of boron now being conducted by the x-ray crystallography 
group in this laboratory, an investigation was made of the crystal 
structure of the tetragonal modification of naluminum dodeca-
boride, AlB 11 12 • 
The structural chemistry of boron and the metal borides 
has an interesting history. E arly workers in morphology who in-
vestigated these materials characterized boron as 11crystalline 11 , 
" graphitic" or 11diamond-like". These representations were am-
biguous, and the advent of x-ray diffraction techniques has been 
essential in making possible some systematic, reproducible exami-
nations of boron and its compounds. 
Boron itself and the borides of several metals 
have been the subjects of structural research. In particular, 
the work of Sella {1), 
( 1) Qu. Sella, Ann. P hysik, 100, 646 (1857). 
2 
3 
and others ( 1, 2), focused attention upon morphology, crystal symmetry 
and the stoichiometric ratios (3-5) of the elements in boron com-
pounds. Hampe (6), Biltz (7), Naray-S zabo (8} and Halla and Weil (9) 
have published the earliest researches on A1B 12 • More recently, 
( 1) W. Sartorius v. Walterhausen, Abhandl. Ges. Wiss. Gtlttingen, 
Math-physik., !J 297 (1857). 
(2) F. WUhler and H. S ainte-Claire Deville, Ann. Chem., 10 1, 
113 (1857). 
( 3) F . WUhler and H. S ainte- Claire Deville, Ann. Chem. , 10 1, 
347 (1857). 
(4) H. Sainte-Claire Deville and F. WUhler, Ann. Physik, 100, 
635 ( 1857}. 
(5) F. WUhler and H. S ainte-Claire Deville, Ann. Chem., 141, 
268 (1867). 
(6) W. Hampe, Ann. Chem., 183, 75 ( 1876). 
(7) H. Biltz, Ber. deut. chem. Ges., 41, 2634 (1908) ; 43, 297 
(1910). 
(8) St. v. Naray-Szabo, Naturwiss., 24, 77 (1936) ; Z. Krist., 
94 A, 3 6 7 ( l 9 3 6). 
( 9 ) F. Halla and R. Weil, Z. Krist., 10 lA, 435 { 1939) ; 
Naturwiss. 27, 96 (1939). 
Kohn et al. (1, 2) have drawn attention to th'e possibility that the 
"monoclinic form of AlB 12 u described by Halla and Weil may actually 
be a form of elementary boron which was examined by Sands and 
Hoard (3). P arthe and Norton (4) have discussed the same possibi-
lity. No reports of the existence of monoclinic AlB 12 other than 
that of Halla and Weil (5) have appeared in the literature. Kohn et 
al. have published a broad resume of the progress and the current 
status of the morphological characterization of the aluminum - boron 
system, in which are described two forms of A lB12 . Included in 
this survey is the work of Hoffmann and JUniche (6) and F elten (7) 
on the structure of AlB 2 . I n addition, K ohn has reported a new 
( 1) J. A. Kohn, Gerald K atz and A. A. Giardini , Z. Kris t., 111, 
1 {1958). 
(2) J.A. KohnandD.W. Eckart, Anal. Chem., E_, 296(1960). 
4 
{3) D. E. Sands and J. L. Hoard, J. Am. Chem. Soc., '!.J...• 5582{ 1957) . 
{4 ) E. P arthe and J. Norton, Z. K rist . , 110, 167 ( 1958). 
(5) F . Halla and R. Weil, Z. K rist., 10 l A , 4 35 ( 1939) ; 
Naturwiss. '!:]__, 96 (1939 ) . 
(6 ) W. Hoffmann and W. Jt:tniche, Naturwis·s., 23, 851 {1935) ; 
z. physik. Chem., B3 1, 214{1936). 
(7) E . J. F elten, J. Am. Chem. Soc., 78, 5977 {1956). 
5 
alloy of aluminum and boron having .the composition AlB (1). 
10 
Elementary boron has been found in four different poly-
rnorphs. One of these is the tetragonal boron discussed by Hoard 
et al. (2), two others are rhombohedral types described by McCarty 
et al. _{3) and Sands and Hoard (4), and the fourth is a tetragonal 
modification prepared by Talley et al. (5). 
(1) J. A. Kohn, Gerald Katz and A. A. Giardini, Z. Krist., 
.!ll_, 1 (1958). 
(2) J. L. Hoard, R . E. Hughes and D. E. Sands, J. Am. Chern. 
Soc., 80, 4507 (1958). 
(3) L. V. McCarty, J. S. Kasper, F. H. Horn, B. F. Decker 
and A. E. Newkirk, J. Am. Chern. Soc., 80, 2592 (1958). 
(4) F. Wtlhler and H. Sainte- Claire Deville, Ann. Chern., 101, 
113, (1857). 
~) Claude P. Talley, Sam LaPlaca and Ben Post, Acta Cryst., 
13, 271 (1960). 
Table 1 is a summary of the reported polymorphs of boron and the 
known compounds of boron with aluminum. 
TABLE 1 
SUMMARY OF BORON POLYMORPHS AND COMPOUNDS OF 
ALUMINUM WITH BORON 
Formula used Crystal class 
in references a b c o< & Reference 
Boron 10. 12 65°28 1 Rhombohedral (1) 
II 5.06 58°4 1 II (2) 
.. 8.75 5.06 Tetragonal (3) 
II 10. 12 14.14 II (4) 
A1B 2 3.009 3.362 Hexagonal (5) 
o< AlB 12 10.28 14.30 Tetragonal (6) 
~ AlB 12 12.34 12.631 10.161 Orthorhombic (7) 
AlB10 8.881 9.100 5.690 II 
Crystals of"'AlB 12 and AlB 10 transmit a wine-red compo-
nent of white light, while,&AlB 12 has a waxy amber color in reflected 
light (7). 
(1) D. E. Sands and J. L. Hoard, J. Am. Chem. Soc., 79, 5582 
(1957). 
(2) L. V. McCarty, J. S. Kasper, F. H. Horn, B. F. Decker and 
A. E. Newkirk, J. Am. Chem. Soc., 80, 2592 (1958). 
6 
7 
(3) J. L. Hoard, R. E. Hughes and D. E. Sands, J. Am. Chern. 
Soc., 80, 4507 (1958). 
(4) Claude P. Talley; Sam LaPlaca and Ben Post, Acta Cryst., 
..!1_, 271 (1960). 
(5) E. J. Felten, J. Am. Chern. Soc., 78, 5977 ( 1956). 
(6) F. Halla and R. Weil, z. Krist., lOlA, 435 (1939); Naturwiss., 
27, 96 (1939). 
(7) J. A. Kohn, Gerald Katz and A. A. Giardini, z. Krist., 111, 
1 (1958). 
SOME STRUCTURAL CONFIGURATIONS CHARACTERISTIC OF 
B ORON AND ITS COMPOUNDS 
The rhombohedral form of boron r e ported by McCarty 
et al. (1) contains twelve boron atoms per unit cell and the resulting 
structure resembles a cubic close - packing of icosahedra. The tetra-
gonal polymorph of Hoard et al. (2) has fifty atoms per unit cell. 
F orty-eight of these are arranged in four icosahedra situated at the 
corners of a tetrahedron. The remaining two boron atoms act as 
links between the icosahedra in such a way that each icosahedron is 
coordinated to only one of the single boron atoms. No structural 
information is available for either of the remaining boron polymorphs 
(3,4). 
D epending upon the proportion of boron involved, binary 
alloys of boron with metals exhibit one, two or three-dimensional 
(1) L. V. McCarty, J. S. Kasper, F. H. Horn, B. F. D ecker 
and A. E . N ewkirk, J. Am. Chem. Soc., 80, 259 2 ( 1958). 
(2 ) J. L. Hoard, R. E. Hughes and D . E. Sands, J. Am. Chem. 
So c., ~ 4507 ( 1958). 
8 
(3) D . E . SandsandJ. L. Hoard, J.Am. Chem. Soc., 79,5582(1957). 
(4) Clau d e P. Talley, Sam LaPlaca and Ben P ost, Acta Cryst., 
13, 271 (19 60 ) . 
networks. I n F eB (1) the boron occurs in infinite chains. A two-
dimensional hexagonal lattice, similar to the carbon layers in graph-
ite, is assumed by boron in A1B 2 (2). The higher borides have been 
found to contain three-dimensional boron frameworks. Calcium 
boride, CaB6 , and many isomorphous compounds containing various 
Group II and rare earth replacements for calcium form networks of 
boron octahedra ( 3 )). The position of the replaceable element is at 
the center of a cube the corners of which are occupied by the B 6 
octahedra. Boron carbide (4, 5) has a boron-to-carbon ratio of 
four to one, B C, but from its structure the formula could be written 
4 
B 12c 3 . The carbon atoms form linear chains of three atoms each 
while the boron atoms occupy the twelve vertices of an icosahedron. 
(1) T. Bjurstr8m, Arkiv K emi, llA, # 5, (1933) 
(2) W. Hoffmann and W. J!!niche, Naturwiss. 23, 851 (1935) ; 
Z. physik. Chern., B31, 214 (1936). 
(3) M. v. Stackelburg and F. Neumann, Z. physik. Chern., Bl9, 
314 ( 19 32). 
(4) H. K. Clark and J. L. Hoard, J. Am. Chern. Soc., 65, 2115 
(1943). 
(5) G. S. Zhdanov and N. G. Sevast'yanov, Compt. rend. acad. 
sci. , U. R. S . S . , 3 2, 4 3 2 (I 941). 
9 
Lipscomb and his coworkers, and also Kasper et al. (1), have shown 
that most boron hydrides form sections of this characteristic icosa-
hedron. Blum and Bertaut (2) have analysed the crystal structures 
of UB 12 and Z rB 12 • The heavy atoms were accurately placed and 
symmetry arguments led to the assignment of cube-octahedra for 
10 
the form of the B
12 
aggregates. E xcept for the structure of the AlB
2
, 
which has alternating sheets of boron and aluminum atoms as described 
above, nothing has been reported of the structures of the aluminum-
boron phases. 
SPECIFIC REASONS FOR THE PRESENT STUDY 
It is clear from the previous section that icosahedral 
frameworks are of considerable importance in the structure of elemen-
tal boron and of B 4 C which contains a high fraction of boron atoms. 
The reason for the tendency to assume this configuration lies in the 
electron deficiency of boron. The icosahedron is the largest regular 
body which is composed entirely of triangles. Therefore it offers 
the maximum opportunity for the formation of three-center bonds 
which require triangular arrangements of atoms. This novel bonding 
(l) J. S. K asper, C . M. L ucht and D. Harker, J. Am. Chern. 
So c., 2!:!_, 881 (1948). 
(2) Pierre Blum and F elix Bertaut, A cta C ryst., 7, 81 ( 1954). 
system has been proposed (1, 2) as that which is most favorable for 
electron deficient elements. The three-center bond is a molecular 
ll 
orbital which utilizes a linear combination of three atomic orbitals, 
one from each of the three atoms that are bonded together. The mole-
cular orbital of lowest energy contains two electrons. In this manner, 
the three-center bond uses more orbitals than electrons; an appro-
priate situation for electron-deficient elements. 
An understanding of the boron arrangement in AlB 12 seemed 
important because both UB 12 and Zr B 12 had been shown to have 
cube-octahedral arrangements of boron atoms in spite of the fact 
that in many of the materials cited above the icosahedron is the 
preferred configuration. The space group and unit cell dimensions of 
AlB 12 had already been reported in the literature ( cf. Table l). They 
are quite different fromthose of UB 12 and ZrB 12, both of which are 
cubic. Therefore it was possible for AlB 12 to contain icosahedra of 
boron atoms. Furthermore, in UB 12 and AlB 12 , the uranium or 
zirconium atoms scatter x-rays so strongly in comparison with boron 
(1) W. H. Eberhardt, Bryce Crawford, Jr., and William N. 
Lipscomb, J. Chem. P hys., 22, 989 {1954). 
(2) William N. Lipscomb, J. Phys. Chem., 61, 23 (1957). 
atoms that it is virtually impossibl e to detect the contributions of 
the boron atoms . The l atter were located on the basis of symmetry 
arguments rather than by direct determination. AlB does not 
12 
suffer from this disadvantage since the scattering power of aluminum 
is so much less than either uranium or zirconium. Therefore it 
seemed practically certain that boron atoms could be located directly 
in thi s compound. F inally, aluminum falls in the same group of 
elements as boron; thus it is also electron-deficient. It seemed 
important t o establish the behavior of this mixture of electron-
deficient atoms in structure formation. The possibility existed that 
a l uminum might repl ace boron in some way or that a framework with 
new and different characteristics might be formed. These arguments 
indicated the desirabil ity of a crystallographic investigation of AlB 12 . 
Unless specifically stated otherwise in this paper, "AIB 12
11 or 
"aluminum dodecaboride 11 is to refer to the tetragonal, or alpha, 
modification. 
THE CRYS T ALLOGRAPHY OF A HIGHER B ORIDE O F A L UMINUM 
The crystal structure of the tetragonal modification of 
the so - called aluminum dodecaboride, AlB 12, has been investigated. 
X -ray diffraction photographs of levels zero to seven of the recipro-
cal lattice have been taken using Weissenberg equi-inclination and 
12 
precession techniques. The unit cell parameters are a= b = 10.17 
+ O. 01 R. 1 c = 14.28 + 0. 01 R. The space group found was P4 12 12 
and the general positions are eight-fold. There is one set of special 
four -fold positions. 
The number of formula units of AlB 12 per unit cell 
calculated from the .experimental density of 2. 55 g./ cc. was 14.4. 
Analysis of the diffraction data by several methods produced no good 
agreement with reasonable structural models or with the observed 
intensities. Attempts at a direct solution of the structure did not 
lead to conclusive results. 
By a process of elimination, it was decided that the proposed 
stoichiometry, A!B 12 , may be in error. This may have been respon-
sible for the lack of succs-ess in the solution of the structure. It is 
suggested that the chemical formula of the compound may be AlB 11 
instead of AlB
12
• Using the molecular weight of AlB 11 and the 
density and cell parameters which were obtained experimentally, the 
number of formula units per unit cell is 15. 6. This figure is approxi-
mately equal to sixteen, and fits the equipoint requirements of the 
space group mor~ closely than the value of 14.4 mentioned above. 
A model of the AlB structure has been developed. It 
11 
consists of sixteen icosahedral polyhedra, a configuration favored 
by high boron content compounds. It is proposed that eleven vertices 
13 
14 
of each icosahedron are occupied by boron atoms, and the twelfth 
vertex is occupied by an a l uminum atom. The model adjusts well 
to the space group symmetry, the unit cell dimensions and the bonding 
requirements of half of the atoms via six-fold coordination. 
A s erie s of leas t squares refinements of this model was 
carried out on an IBM 704 calculating machine. The di sc repancy 
factor , R= 
:L (\Fo \- \F e /) 
L !Fo \ 
was reduc ed to 0. 35 for approximately 200 of the general reflec-
tions. I n thi s equation, F o and Fe are the absolute values of 
the observed and calculated structure factors respectively. If this 
model is c o rrect, proof should be found using complete three - dimen-
s ional F ourier and difference F ourier summations and further cycles 
of l east squares refinement. 
EXPERI.MENT AL PROCEDURE 
T he fir s t A l B 12 crystals to be used in this work were 
obtained from the Fairmount Chemical C ompany. A suitable speci-
men was p hoto graphed using the equi-inclination Weissenberg tech-
nique , and c ompl ete three-dimens ional data was recorded with b 
as the axis of rotation . D etail s are pre s ented below. 
Other crystals were obtained in our l aboratory using 
the aluminothermic method of Biltz {1). The following amounts of 
reagent - grade chemicals were mixed in a clay crucible: aluminum, 
150 g.; B 20 3• 85 g.; sulphur, 40 g.; KC 10 3' 20 g. The reaction 
was initiated by the burning of a coil of magnesium ribbon in a 
cavity in the mixture. T he coil was ignited by a magnesium fuse. 
T he resultant polycrystalline m as s was splintered and then fraction-
(' 
ated by flotation in six different mixtures of carbon tetrachloride 
15 
and bromoform. The densities of the float solutions were determined 
pycnometrically. Table 2 lists the results of the density separation. 
TABLE 2 
FRACTIONATION OF REACTION PRODUCTS 
F raction # Density R ange Approximate Weight 
of F raction 
I d2 ~· 5 )2. 8607 0.3g. 
2 2.8607~ d 2 ~· 0 ) 2.5991 5.0 
3 2 . 5991 ~ d2 ~· 0 ) 2. 5803 2. 0 
4 2.5803),d2~· 0 12. 5603 2.0 
5 2 . 5603~d2~· 0 ) 2.5427 18.0 
6 2.5427 ~ d2~.5 0.2 
{l) H. Biltz , Ber. deut. chem. Ges., 41, 2634 (1908); 43, 297 
(19 10). 
16 
Fraction number five was used for subsequent chemical 
analysis. It contained shiny, black crystals which appeared identi-
cal both to the Fairmount samples used in the collection of the data 
and to those described in the literature ( 1). The density was taken 
as 2. 55 g./ cc., the average value of the density range of the impure 
crystals in the fraction. Microscopic examination revealed that the 
material in fracction five was not homogenous. White particles (pre -
sumably corundum) and amber-colored fragments (possibly 
were present as well as the shiny black crystals. For analytical 
purposes, the white and amber constituents, which were regarded 
as impurities, were removed by manual selection under the micro-
scope and analyses were performed on material purified in this 
fashion. 
A single aluminum analysis was made using the method of 
Willard (2). The percentage of aluminum found was 17. lo/o. The 
calculated value for the formula AlB 12 is 17 . 2o/o. Two analyses for 
boron were performed on separate additional portions of fraction five 
( 1) J. A. Kohn, Gerald Katz and A. A. Giardini, Z. K rist. , 
~· l (1958). 
(2) H. H. Willard and N. K. Tang, Ind. Eng. Chern., Anal. Ed., 
9, 357 ( 1937). 
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using the method of Blumenthal {1). The results were : 83.5% B and 
~1. 9% B. The first value indicates, relative to the aluminum analy-
sis, an atomic B:Al ratio of 11.9: 1. 0, and the second value indicates 
12.2 :1. 0. The variation between the two boron analyses emphasizes 
the possibility that A lB 12 c rystals, as prepared, may contain moder-
ate amounts of impurities of boron or boron compounds, present in 
sufficient proportion to render uncertain the formula AlB 12 , which 
was based on similar chemic al analyses. 
As indicated above, the possibility that the pure compound 
is actually AlB 11s eems to fit the crystallographic data much more 
clearly than an AlB 12 formulation at present. The impossibility of 
purifying the compound by recrystallization, because no solvent is 
known for it, renders the establishment of the true formula by chemi-
cal means improbable. 
In view of the possibility that the AlB 12 formulation might 
not be in error because of impurities, but instead might be in error 
because of difficulties in dissolving the compound and performing 
precise boron analyses, another program of chemical analysis has 
been initiated at the U. S . Bureau of Standards, using a method recently 
developed there. 
(1) H. Blumenthal, Anal. Chem., 23, 992 (1951). 
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With the analytical results cited above, and those obtained 
by others {1 ) , it was felt, at that stage of the investigation, that the 
most promising initial line of attack was to examine closely the pos-
sibility for reconciling an A lB structure with the crystallographic 
. 12 
data. This approach was also strongly suggested by the possibility 
for including icosahedral B 12 units, which, as summarized above, are 
suggested by the incomplete portions of boron icosahedra which are 
found in the structures of the boron hydrides, as well as in two modi-
fications of elementary boron. 
The possibility of isomorphous structural relationships 
between A lB 12 and UB 12 or Z rB 12 is precluded by the differences in 
the space group symmetry and cell dimensions of A1B 12 and the other 
two compounds. 
As mentioned above, the crystal selected for most of 
the photographs was obtained from the Fairmount Chemical Company. 
Single crystal x-ray diffraction p hotographs of the black crystals from 
fraction five confirmed their identity with the F airmount AlB 12 and 
that which had been described in the literature (1, 2). 
( 1) J. A. Kohn, Ge ra1d K atz and A. A. Giardini, Z . K rist., 111, 
1 {1958) . 
(2) F . Halla and R. Weil, z. K rist., 10 lA, 435 ( 1939); Naturwis s., 
27, 96 (1939). 
For mounting purposes a fine glass rod was dipped in 
shellac and the crystal was picked up with the moistened end of the 
rod. The rod was mounted in the center hole of the goniometer 
head. The dimensions of the crystal were approximately 0. 1 x 0. 3 
x 0. 5 mm. with the 0. 5 mm. edge parallel to the glass rod axis. 
The crystals are very hard and can occur in a wide variety of habits. 
Under microscopic examination, some appeared to be elongated 
parallelepipeds reaching almost a millimeter in length. There were 
many flat plates, some with a hexagonal cross - section, often occur-
ing as twins or clusters. The crystals were dark. The thick speci-
mens seemed black while the thinner plates transmitted a wine - red 
fraction of white light. 
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Rotation photographs and zero-level Weissenberg expo -
sures were taken with copper radiation with the crystal rotating about 
b. From these it was possible to obtain approximate unit cell para-
meters and to determine the tetragonal character of the space group. 
The systematic absence of hOO reflections with h odd, and 001 reflec-
tions with 1 -f 4n led to the assignment of space group P4 12 12, or its 
enantiomorph P4 32 12. The former was selected for this work. The 
e quipoint positions tabulated in the International Tables for X-Ray 
C rystallography{ 1) for space group P 4 1 2 12 are listed below. 
EIGHT - FOLD GENERAL POSITION S 
x, y, z; x, y, l l 2+z; 112-y, ll2+x, l / 4+z; ll2+y, 112-x, 3l4+z; 
y, x, z; y,x,ll2-z; 112-x, ll2+y, 1/4-z; ll2+x, 112-y, 314-z; 
FOU R - FOLD SPECIAL POSITIO N S 
x, x, 0; x, x, 1 I 2; 1 I 2 -x, 1 I 2+x, 1/4; ll2+x, 112 -x, 314. 
P hotographs of levels zero to seven were made by the 
multiple-film technique. The equi-inclination Weissenberg method 
was employed with CuKQ{ radiation. The same conditions were used 
in obtaining photographs of the hkO zone, rotating the crystal about 
c. This zone was used for the proper scaling of the reflections 
from the various levels taken around b. Also a powder pattern was 
taken with the Norelco diffractometer and a least squares fit to the 
0 
observed angles produced cell parameters of a= b = 10. 17 .±_ 0. 01 A., 
0 
c = 14.28 + 0 . 01 A. Similar measurements by Kahn et al. (2) are in 
agreement with these results. 
(1) "International Tables for X-Ray C rystallography, " Vol. I, 
The Kyno ch P ress, Birmingham, England, 1952. 
(2 ) J. A. Kahn, Gerald Katz and A. A. Giardini, Z. K rist., 
111, 1 {195 8 ) . 
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Table 3 lists the crystal data obtained up to that stage of the 
investigation. 
TABLE 3 
CRYSTAL DATA FOR TETRAGONAL AlB 12 
Chemical F ormula Assumed A l B 12 
Floatation D ensity of Unpurified C rystals 2. 55g. Icc. 
Space Group Tetragonal, P 4 1 21 2 
Unit C ell P arameters a=b=lO. 17+0. 01 R 
0 
c=l4.28+0.01 A 
F rom this information the number of molecules in the 
unit cell was computed and the value found was 14. 4. An integral 
21 
number of molecules should be contained in the unit cell of any crys-
tal. F urthermore, the presence of 4 12 12 symmetry indicates a good 
probability that the number of molecules should be a multiple of 
eight, or at least of four. The figure 14 . 4 was taken to infer the 
possibl e presence of random vacancies in the structure. The ideal 
number of molecules per unit cell was a s sumed to be sixteen. 
The intensities of the hO 1 and the h k O reflections were 
estimated visually with a standard set of exposures made with the 
same crystal which was used for the b-axis photographs. These in-
tensities were corrected for L orentz and polarization factors. The 
crystal size and the l ow absorbing power of aluminum and boron for 
copper radiation rendered absorption corrections unnecessary. A 
temperature factor graph (1) indicated virtually no temperature factor 
(i.e., B = 0 ) for these zones. 
PATTERSON FUNCT ION ANALYSIS 
P atters on functions projected onto (0 1 0) and(OO 1) were 
calculated using B eevers-L ipson strips . The latter projection is 
shown in F igure l. Attempts were then made to find a trial struc-
ture which would produce vector maps in agreement with the calcu-
lated functions. A ssuming, for a first approximation, sixte en AlB 
molecules per unit cell, the structure was visualized as two groups 
of eight a luminumatoms and two groups of eight boron icosahedra. 
S alient peaks of approximately the correct height for aluminum -
aluminum interactions were interpreted as such, and vector maps 
12 
showing fair correlation with the P atterson projection onto (010) 
were obtained. Sites for aluminum atoms found from this projection 
led to y and z parameters for both of the eight-fold families in gene -
ral positions. Since the boron atoms were regarded as forming 
icosahedra, positions for the centers of these polyhedra were ob-
tained from packing considerations based on the covalent radius of 
boron, 0. 9 R.. 
(1 ) A . J. C . Wilson, Nature, 150, 152 (1942). 
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Fig. l. P atterson projection onto (001 }, no artificial temperature 
factor, o< AlB 12 . 
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The next step was the calculation of structure factors 
0 
for the hOI zone to check their agreement with those obtained from 
the intensities. An approximation was made which was, in effect, 
the substitution of the scattering from a single large 11atom11 of 
atomic number sixty for the scattering from twelve boron atoms of 
atomic number five. The derivation of this scattering curve is 
presented in Appendix I. The sixty electrons were imagined to be 
smeared out uniformly over the surface of a spherical shell of 
24 
radius I. 64 R, the geometrical distance from the center to one apex 
of an icosahedron, one edge of which has a length of I. 8 R. This 
approximation resulted in a reduction of the labor of calculating 
structure factors which, at the time, were being found by longhand 
calculation. Moreover, the approximation was desirable since nothing 
was known about the positions of the boron atoms in the unit cell 
except for the theory that they were grouped at the vertices of an 
icosahedron. The contents of the unit cell were then represented by 
the following "species": two eight-fold aluminum atoms and two 
eight-fold "icosahedral atoms", rather than by two eight-fold alumi-
num atoms and twenty-four eight-fold boron atoms. 
The best agreement found between observed and calcu-
lated structure factors was about O. 6 for the discrepancy factor R. 
Five plausible models were evaluated in this manner but no promising 
results were obtained. The most likely set of parameters was used 
in a two-dimensional least squares refinement done with the hO 1 
data. Srnall, seemingly reasonable shifts were arrived at by this 
process, but their incorporation into a new structure factor calcula-
tion did not improve the agreement at all. 
25 
The hkO projection is centrosymmetric, and the reflec-
tions of this zone were used in another attempt to solve the structure 
with two-dimensional data. This was via the inequality or "product" 
relationship of Zacharias.e n ... ( 1). The signs of twenty-eight of the 
strongest reflections were found by this method and a Fourier summa-
tion was calculated. It is shown in F igure 2. There is fair correla-
tion with what would be expected from the P atterson map of Figure l 
in that electron dens ity maxima from the Fourier summation are 
concentrated along the diagonal and edges of the cell. These maxima 
would produce peaks on the diagonal and edges of the same projection 
in vector space. The resolution of the Fourier peaks is good but no 
model could be derived from them which led to good agreement with 
the observed intensities. 
A difficulty common to all attempts at the analysis of the 
structure in projection was the amount of overlap in any two -dimen-
sional Fourier summation or P atterson map. The unit cell contains 
(1) W. Zachariasen, Acta C ryst., 5, 68 {1952). 
Fig. 2. Fourier synthesis obtained from inequalities, o<.. AlB 
12 
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about 200 atoms. The diagonal of Figur e 2 is a mirror plane and 
each triangle so formed contains about twenty-five atoms. To specify 
the positions of these atoms from the peaks of Figure 2 is rendered 
difficult by the overlap which must be present since no clearly -
resolved configurations of atoms can be seen. In the hkO Patterson 
map, Figure l, the peaks represent the projection of about 10, 000 
interatomic vectors. The superposition of these vectors complicates 
the solution of the structure from the P atterson map since the methods 
for doing this involve the isolation of at least one single interatomic 
peak. 
One structural model had been developed on the bas es 
of packing considerations and chemical intuition. It is shown in 
Figure 3. Views (a) and (b) depict twelve boron atoms at the verti• 
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ces of an icosahedron when viewed from the side and end respectively. 
P art (c) is a top view of a section of the gross aspects of the postulated 
structure. The z parameter of this section is 1/8. The small circles 
represent aluminum atoms while the large circles represent the 
boron icosahedra. Single- and double-lined circles depict indepen-
dent families in the eight-fold general positions. Table 4 lists the 
parameters for the alumtnum atoms and the centers of the icosa-
hedra . 
._______ ______ ]_ 
I I 
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Fig . 3. P osition and orientation of icosahedra in trial model, 
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TABLE 4 
PARAMETERS FOR ICOSAHEDRON CENTERS 
AND ALUMINUM ATOMS IN TRIAL MODEL 
Sixtieths Fraction of Cell Edge 
X y z X y z 
Icos# 1 15, 0, 7.5 o. 25, 0. 0, 0. 125 
Icos# 2 45, 0, 7.5 0. 75, o. 0, o. 125 
A l # l 0, 15, 7.5 0. 0 • 0. 25, 0. 125 
Al#2 0, 45, 7.5 0. 0 • 0. 75, 0. 125 
An interesting property of this model is the following. If atom 1 
(Figure 3a) is situated on the four-fol d screw axis parallel to z, then 
a ninety degree rotation of atom 12 out of the page towards the reader 
followed by a 1 /4z translation upwards produces precise point-to-
point coordination of atoms 5 and 2. That is, with two icosahedra 
situated as described, the centers of both polyhedra and atom 2 in 
the lower one and atom 5 in the higher one lie on the same straight 
line. When a complete unit cell is constructed in this fashion, six 
out of the twelve boron atoms in each icosahedron have well-oriented 
six-fold coordination and the remaining boron atoms have five-fold 
coordination. E ach of the boron atoms is coordinated to five others 
~-~ 
I 
in the same icosahedron and for those boron atoms with six-fold 
coordination, there is interaction with one other boron atom in a 
neighboring icosahedron. The six boron atoms to which the coordina-
tion extends form a symmetrical pentagonal pyramid; - a situation 
similar to that occurring in tetragonal boron and boron carbide. 
Furthermore, the interstices of this network of icosahedra a re just 
large enough to accomodate the aluminum atoms. The aluminum 
atoms provide a sixth coordination for those boron atoms having 
five-fold coordination. In this fashion a very close-packed structure 
is formed. In fact, the system can be represented by two identical 
interlocked lattices; one of which has aluminum atoms at the lattice 
points, and the other having icosahedron centers at its lattice points. 
Calculations based on this and similar models led to R values of 
about 0. 9. The problem seemed to be that the x, y and z parameters 
of many of the structure units were equal to 1 /8, l/4 or 3/4 and these 
units contributed nothing to several of the structure factors. This was 
the case, for example, in structure factors for planes with h f 2n when 
x was equal to 1/4 and the trigonometric part of the structure factor 
called for cos 21fhx. 
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These diffi~u1ties forced a three-dimensional analysis 
using Patterson functions. At this time, an IBM 650 computer was 
made available and it was used for these calculations. 
The full set of b-axis Weissenberg phot~graphic intensi-
ties was estimated visually as described above. Data processing pro-
grams were written for the computer to handle the following sequences 
of operations: 
{a) calculat sin Q for each reflection, 
(b) apply Lorentz and polarization factor corrections 
to obtain f Fo
2 l 
(c) scale all \Fo 2 l to hkO zone intensities, 
(d) compute jFol = ( lFo2\ ) 1/2 
A Wilson plot (1) was constructed to obtain a tempera-
ture factor for all reflections. The value of B was determined to be 
31 
-0 . 3 R2 • The negative sign was taken to indicate ve.ry !ittle thermal mo-
tion and this interpretation is compatible with the extreme hardness of 
the crystals. S everal strong reflections could be seen at high angles 
on the films. Since this implied termination-of-series effects for any 
type of Fourier summation, an artificial temperature factor was in-
cluded in the subsequent P atterson function calculations. This tempera-
(1) A. J. C. Wilson, Nature, 150, 152 {1942). 
I 
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ture factor had the form e - 3 · 912 sin
2
g and had the effect of reducing 
the value of Fo2 by a factor of fifty at Q = 90°. These modified 
Patterson coefficients were used to compute the three-dimensional 
vector map. 
An analysis of the section at z = 0 and the Harker sec-
tions at z = 1/4 and z = 1/2 followed, and several models were found 
which gave reasonable agreement with the Harker peaks. However, 
none of them produced good correlation with the observed structure 
factors, and they did not lead to any improvement in the value of R, 
the discrepancy factor. 
Another vector space approach consisted of a three-
dimensional sharpened Patterson superposition map and minimum 
function calculation. The sharpening function was actually a new modi-
fication of the Patterson function. A convolution of the gradient of 
the electron density was computed instead of the usual convolution of 
the electron density. The resulting formulation of the new method was 
identical with that of the original Patterson function with the exception 
that each Fo2 was multiplied by sin2Gj>..2 for that particular reflec-
tion (1). This sharpened Patte r son function was computed at forty 
( l ) R. Jacobson, J. Wunderlich and W. N. Lipscomb, Abstracts 
of Papers P resented before the Annual Meeting, American Crystallo-
graphic Association, Washington, D. C., January 1960. 
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divisions along a and b and at eighty dividions along the c axis. The 
Harker sections at z = 1/4 and at z = 1/2 were searched for a single 
interaction between two atoms from which the superposition process 
could begin. The location of such an interaction is obtained by finding 
a peak of the proper numerical height. This height should be equal 
to the product of the scattering factors of the at0ms involved if the 
P atterson map is reduced to absolute scale. The reduction can be 
made by using the height of the origin peak as a scale factor. The 
Harker sections mentioned above did not exhibit well-resolved peaks 
of the proper numerical value to be attributed to aluminum-aluminum 
or aluminum-boron interactions. Consequently, selections of loca-
tions having the proper peak heights had to be made in the peripheral 
areas of l arger peaks. Several sets of P atterson superposition and 
minimum function calculations were made but none of these attempts 
led to contour maps which could be correlated with chemically realis-
tic models. 
STATISTICAL ANALYSIS AND LEAST SQUARES 
The writer then began a short appointment at the National 
Bureau of Standards to apply the Karle-Hauptman statistics (1) fo r 
(1 ) H. Hauptman and J. K arle, American Crystallographic Asso-
ciation Monograph #3, the Lette r Shop, Wilmington Delaware, 1954. 
~---------------' 
I 
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direct phase determination. A summary of the work involved in the 
use of this method is presented here . 
below. 
For the purpose of clarity, some definitions are listed 
= f(s) = ~ fJ(hkl) where fj is the x-ray scatter -
J 
ing factor of atom j and the summation 
includes the j atoms in the unit cell. 
f(s) indicates that OZ is a function of 
s = sin Q / )\ . 
€ is a multiplicity factor dependent upon the symmetry 
of the space group ( 1). 
K = g(s) is a combined scale and temperature factor 
dependent upon s. 
E(hkl) is a normalized structure factor dependent upon 
s. Its derivation is discussed below. 
The 769 independent three-dimensional reflections (those) 
for which (a) h, k and 1 are all greater than zero; and (b) h > k ), were 
sorted into ascending values of s for division into four groups. Each 
group consisted of an approximately equal volume of reciprocal 
(l) J. Karle and H. Hauptman, Acta Cryst., 9, 635 (1956). 
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space. A value of K = g(s) was calculated for each group from the 
relation 
~ E cr2 
K=-----
where n is the number of reflections in each group. These values 
of K were plotted as a function of s using, for each K value, the 
median s value for the pertinent group of reflections. The points thus 
obtained were fitted by a monotonically increasing polynomial in s. 
Coeffic:ients of odd powers in s were set equal to zero to prevent 
the occurrence of a negative slope in the curve generated by the poly-
nomial. This analytical form of the K-curve renders the calculation 
of the scale and temperature factor corrections for any reflection 
straightforward in an automatic computer. The next step was the 
calculation of E values as follows. 
= \ 2 1/2\ (E(hkl )) { 2 }1/2\ = \ {K)( I Fo{hkl) I) Gat 
All reflections were then sorted on descending values of E and tests 
2 for significant deviations from the expected average value of E , 
des·ignated by (E2 ), for various groups of reflections were made. 
The need for such tests stems from the derivation of the Hauptman -
35 
Karle method which is based upon statistically random atomic positions 
I 
36 
for identical atoms. Since all atoms are not identical in this struc-
ture, and since no crystal structure is completely random, the E's 
obtained from the equation above may require renormalization to coun-
teract this departure from randomness and the non-uniformity of the 
atoms involved. The reason for the success of the statistical ap-
proach despite its idealistic foundation is the high ratio of equations 
to unknowns where the equations are the relations between the intensi-
ties and the atomic positions, the unknowns. The omission of such 
renormalization procedures can render the method ineffective. The 
name assigned to this departure from the expected average value of 
E 2 is rational dependence, and the influence it can have on the E 1 s is 
a function of the particular crystal structure involved. Details of 
rational dependence and the renormalization process have been dis-
cussed in detail by Karle and Hauptman (1). The requisite tests for 
rational dependence were made and minor effects were noted. None of 
these was judged to be influential enough to demand renormalization. 
Good correlation was found between theory and experi-
ment for two preliminary quantities which can be obtained by the 
Hauptman - Karle method. These quantities are the average value of 
E, ( E ) , and the average value of the absolute quantity \ E 2 -1 \, 
<t E 2 -1 \). These averages have different numerical values depending 
(1) H. HauptmanandJ. Karle, ActaCryst., 12, 846(1959). 
upon whether or not the space group has a center of symmetry. 
Table 5 lists these possibilities and the values found from the obser-
ved structure factors. 
TABLE 5 
COMPARISON OF THEORETICAL AND OBSERVED CRITERIA 
FOR THE PRESENCE OR ABSENCE OF CENTROSYMMETRY 
Th eory Observed 
-p 1 p 1 
centro. non-centro. 
E 0.798 0.886 0.886 
E 2 -l 0.968 0.736 0.791 
There was also a strong indication that the intensity estimates were 
accurate and that the data processing to obtain the Fo's was correct. 
This indication rests on the prediction of the theory that the average 
value of E 2 should equal 1. 0. The number found from the For s was 
1.037. 
S ets of structure invariants were then chosen for the 
first phase determinations. A structure invariant is a :r.·eflection the 
phase of which is obtainable on the basis of space group symmetry 
and which is not influenced by a change of origin. In the space group 
P4 1z1·z, the sets of structure invariants are those reflections whose 
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indices hkl have the character OOg, Ogg, gOg, ggO, uuO, hhg, hhg (1} 
where 0 = zero, g indicates an even integer (gerade), and u stands 
for an odd integer {ungerade). Reflections having large E magnitudes 
were used to calculate phases of reflections whose indice::. are the 
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sums of the indices of the reflections having largeE 1s (2) . For example, 
the phase of the 315 reflection could be determined by com.bining the 
132 reflection with the 223 reflection in the phase determ:i ning for-
mulae. The phase is found using the magnitudes of the E 1s only. 
Hence this technique is a direct method. The following summary co-
vers the status of the application of the Karle-Hauptman rnethod . 
(a) E 1s were computed for all reflections. 
(b) Support from the theoretical results were found for 
the ~ntensity distribution obtained experirnentally 
and for the assignment of a non-centrosy1nmetric 
space group. 
(c) Suitable tests for rational dependence we :re applied 
and no indications of seriously abnormal distributions 
of E -value s were found. 
(d) Approximately twelve phases of the OO g and gOg 
reflection classes were found. Since these are 
(1} R. Hauptman and J. Karle, Private Communication, December, 
1959. 
(2) J. Karle and H. Hauptman, Acta Cryst., 9, 635 ( J. 956). 
assignments of a tentative nature and subject to 
revision, they have not been listed here. 
When many phases are determined, a three-dimensional 
Fourier summation must be made to test whether or not t h e Karle-
Hauptman method has led to a chemically and physically acceptable 
structure. The use of the method was suspended because of the 
developments discussed in the next section. 
As explained earlier, the possibility that the compound 
was actually AlB 12 had seemed the most promising postulate for ini-
tial trials at reconciliation of hypothesis with the x-ray data. By this 
stage, a very thorough attempt had been made, employing a variety 
of approaches, to obtain some clear structural substantiation for 
this postulate, but none of the approaches had led even to preliminary 
success. Before expending the considerable work necessary to com-
plete the attempt to derive atomic positions by the Karle-Hauptman 
method, it was decided to examine the possibility of fitting the 
crystallographic data to another reasonable formulation. 
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As has been mentioned in the general discussion of the 
problem, the space group and chemical composition of the compound, 
which was probably approximately correct in any case, indicate strong-
ly that the 16 formula units per unit cell are highly probable, since 
the number must be a multiple of four in this case. On the basis of 
u 
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assuming the formula AlB 12 , the figure 14.4 formula units per cell, 
plus postulated random vacancies, has been indicated. This figure 
is based upon three separate experimental measurements; the unit 
cell parameters, the density and the formula. Of these three, the 
unit cell parameters are quite certain, the density may be slightly in 
error, but the formula is more suspect by far. When the electroni-
cally-reasonable (1) formula AlB 11 is used, with the density 2. 55 g./ cc., 
the number of formula units per cell becomes 15. 6; - much closer 
to the crystallographically-indicated value of 16, and very reasonable 
in view of the expected direction and magnitude of small errors in 
the density determination. This consideration implied that the alumi-
num atom might occupy one of the vertices of an icosahedron, the 
others being occupied by boron. This concept was new in that the 
aluminum atom was to be regarded as an integral part of the icosa-
hedron rather than separate from it. The same arrangement as that 
shown in Figure 3 (c) would be possible since the point-to-point 
diameter of the i'cosahedron remains about 5. 1 R., and this is ap-
proximately one-half of the unit cell edge of 10. 17 R. Support for 
this hypothesis has been presented in a recent discussion of the 
valence structure of the higher borides (1). 
(1) WilliamN. LipscombandDoyleBritton, J. Chern. Phys., 
33, 275 (1960). 
A calculation of this model was undert aken, c:.nd since 
automatic computing equipment was available, it seemed advanta-
geous to drop the spherical shell approximation for the i cosahedra. 
In the following, therefore, separate parameters were i n troduced 
for all individual atoms. 
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In order that the trial parameters migh t have the oppor-
tunity to be ••self-adjusting", the crystallographic least squares pro-
gram for the IBM 704 computer written by Busing and Levy ( 1) was 
used for this part of the work. The "self-adjustment" occurs because 
the least squares calculation produces the atomic shifts required to 
improve the agreement between observed and calculated structure 
factors. Table 6 lists the transformations which generat e x, y and z 
positions for twelve boron atoms in both R. units and fra.ctions of the 
cell edges when applied to the coordinates of the centers of the icosa-
hedra. The weighting program listed in Appendix II was used to en-
sure that the effects of the observed structure factors on the parameter 
shifts were proportionately correct. All of the twenty-four atomic 
positions which were used in the refinement process were considered . 
(1) W. R. Busing and H. A. Levy, A Crystallographic Least 
Squares Program for the IBM 704, ORNL Central Files Number 59-
4-37, Oak Ridge National Laboratory, Oak Ridge, Tenn., April, 1959. 
to be occupied by boron atoms since there was no logical way of 
decid.ing which vertex in each icosahedron might be occupied by an 
aluminum atom. 
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TABLE 6 
TRANSFORMATIONS FOR THE GENERATION OF TH E POSITIONS 
N OF THE 
'" 
,,, 
*):~ 
OF TWELVE BORON ATOMS FROM THE POSITIO 
CENTER OF AN ICOSAHEDRON 
TRANSFORMATIONS IN ANGSTROM UNITS 
Boron Number~'< X):<):< y z 
1 x+l. 60 
2 x+O. 65 
3 x+O. 65 
4 x+0.65 
5 x+0.65 
6 x+0.65 
7 x-0.65 
8 x-0.65 
9 x-0.65 
10 x-0.65 
11 x-0.65 
12 x-1. 60 
y 
y-0.47 
y-1. 53 
y-0.47 
y+l. 24 
y+l. 24 
y+O. 47 
y-1. 24 
y-1. 24 
y+O. 4 7 
y+l. 53 
y 
z+ 
z-
z-
z+ 
z+ 
z+ 
z-
z-
1.46 
1.46 
0.90 
0.90 
1.46 
0 .90 
0 .90 
1.46 
TRANSFORMATIONS IN FRACTIONS OF THE CEL LEDGES 
1 x+0.157 
2 x+0 .064 
3 x+O. 064 
4 x+0.064 
5 x+0.064 
6 x+0.064 
7 x-0.064 
8 x-0.064 
9 x-0.064 
10 x-0.064 
11 x-0.064 
12 x-0.157 
y 
y-0.046 
y-0.151 
y-0.046 
y+O.l22 
y+0.122 
y+O. 046 
y-0.122 
y-0.122 
y+0.046 
y+0.151 
y 
z+ 
z-
z-
z+ 
z+ 
z+ 
z-
.z 
0.102 
z 
0.102 
0.063 
0.063 
0. l 02 
G.063 
0 .063 
z-( ) . 102 
z 
z 
The boron numbers refer to the arrangement of Figu :re 3. 
X, Y, and z are the co-ordinates of the center of th e icosahedron. 
(' 
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One hundred and eighty-eight of the reflections with the 
largest s tructure factors were used for the calculation. In spite 
of ~ndications from the Wilson plots mentioned above of v ery small 
thermal motion, an arbitrary temperature factor of B = 2 . 0 was 
assigned to each atom in order to permit some latitude in the spread 
of the scattering electrons. These temperature factors were not 
varied in the least squares process. The value of R afte r the first 
structure factor calculation was 0. 957. After one cycle of least 
squares, the value was O. 716. Twelve refinement cycles were run 
and the present value of R is O. 357. The initial and final positions 
for all atoms are listed in Table 7. Table 81ists the observed and 
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calculated structure factors for the reflections used in the refinement. 
A similar refining process was begun using twenty-four boron atoms 
and two aluminum atoms as shown in F igure 3 (c) to test: whether 
or not a model based on the original composition AlB 12 would lead 
to as low an R - factor as the previous calculations. T h e first R 
value was 0. 967 and after one cycle, it had risen to 1. 2 2 3; - an 
indication that no c onvergence between calculated and ob served 
structure factors could be obtained by the least squares program 
starting with this particular model. 
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TABLE 7 
INITIAL AND FINAL PARAMETERS FOR THE 24 ATOM REFINEMENT 
Atom Number X y ·z 
Initial Final Initial Final Initial Final 
1 0.407 0.315 o.ooo -0.888 0.125 0.155 
2 0.314 0.556 -0.046 -0.092 0.227 0.234 
3 0.314 0.288 -0. 151 -0.088 0.125 0.126 
4 0.314 0.182 -0.046 - 0.110 0.023 0.014 
5 0.314 0.420 0.122 0.103 0.062 0.109 
6 0.314 0.259 0.122 0.035 0.188 o. 196 
7 0.186 0.006 0.046 -0.081 0.227 0.212 
8 0.186 o. 163 -0.122 -0.076 0.188 0.180 
9 0.186 0.205 -0.122 -0.053 0.062 0.066 
10 0.186 0.280 0.046 o. 137 0.023 0.001 
11 0.186 0.155 0.151 0.233 0.125 0.086 
12 0.093 0.003 o.ooo 0.025 0.125 0.129 
13 0.907 0.928 0.000 0.092 0.125 0.124 
14 0.814 0 . 808 -0.046 0.084 0.227 0.194 
15 0.814 0.820 -0. 151 -0.189 0.125 0.144 
16 0.814 0.596 -0 .046 -0.157 0.023 - 0.004 
17 0.814 0.708 0.122 0.092 0.062 0.037 
18 0.814 0.797 0.122 -0.010 0.188 0.182 
19 0.686 0.504 0.046 0.033 0.227 0.221 
20 0.686 0.665 -0.122 0.093 0.188 0.182 
21 0.686 0.680 -0.122 -0.15 1 0.062 0.068 
22 0.686 0.800 0.046 0.024 0.023 -0.029 
23 0.686 0.681 0. 151 0. 136 0.125 0.114 
24 0.593 0.592 o.ooo 0.069 0.125 0.139 
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TABLE 8 
OBSERVED AND CALCULA TED STRUCTURE FACTORS 
h k 1 A B F 
calc. F obs. 
2 0 0 30.38 0.00 16. 32 20.00 
4 0 0 -27.00 0.00 14.50 24.35 
6 0 0 -2.65 0.00 0.00 l. 42 
1 0 0 0 44.01 0.00 23.64 28.98 
1 0 1 4.98 -4.98 3. 78 4.00 
4 0 1 -3.97 -3.97 3. 01 1 o. 19 
5 0 1 -6.24 6.24 4.74 8.00 
6 0 1 4.87 4.87 3.70 4 3. 03 
7 0 1 16. 56 -I t> . 56 12. 58 39.03 
2 0 2 .... o.oo 
-101.49 54. 51 25. 61 
3 0 2 -31. 60 0.00 16.97 28.42 
1 0 3 12.44 12.44 7.45 17. 55 
2 0 3 -12.26 12.26 8. 31 8.48 
3 0 3 7. 51 7. 51 5. 71 6.63 
4 0 3 36.05 -36.05 27.38 29. 73 
0 0 4 -41.46 0.00 22.27 17.43 
3 0 4 
-0.00 46.21 24.82 24.98 
4 0 4 17.43 0.00 9.36 6.92 
5 0 4 -0.00 -2 1. 14 11. 35 37.94 
6 0 4 
·' 9. 30 -0 .00 4.99 18.86 
2 0 5 -31. 73 -31.73 24.10 25.29 
4 0 5 25. 41 25.41 19. 30 23.23 
1 0 6 38. 79 -0.00 20.83 17.77 
2 0 6 -0.00 -2 7.07 14.54 25 . 06 
4 0 6 -0.00 17.68 9.49 17. 20 
5 0 6 7.69 o. 00 4. 13 24.16 
1 0 7 
-10.84 -10.84 8.24 4.47 
2 0 7 
-11.13 11. 13 8.46 9. 59 
3 0 7 
-9.95 - 9.95 7. 56 6.00 
0 0 8 26.30 -0.00 14.12 12.32 
1 0 8 o. 00 12.92 6.94 9.59 
2 0 8 19. 14 - 0.00 10.28 18. 97 
3 0 8 -0.00 18.40 9.88 13. 85 
1 0 10 15. 66 - 0.00 8.41 6.63 
2 0 10 -0.00 25.40 13.64 29.39 
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TABLE 8 - Continued 
h k 1 A B F 
calc. F obs. 
·-
3 0 10 
-9.25 0.00 4.97 12.64 
1 0 11 15. 16 - 15. 16 11. 52 9.59 
-
0 12 
-19.99 -19.99 10.73 11. 66 
1 0 13 
-1. 51 -1. 51 1. 15 12.64 
2 0 13 
-11.41 -11. 41 8.66 18.22 
1 0 14 1. 89 1. 89 1. 01 7.48 
1 0 15 -8.38 -8.38 6.37 7.48 
2 0 15 -4.77 -4. 77 3.62 6.92 
g 0 16 34.04 -0.00 18.28 16.73 
0 1 20 -11.39 0.00 6. 11 10. 19 
1 1 1 0.00 5.26 2.82 3. 74 
2 1 1 
-11. 59 12.06 8.98 8.94 
3 1 1 2.93 -13. 49 7.41 6.32 
4 1 1 11. 03 9.87 7.95 5.06 
5 1 1 10.78 
- 14. 79 9.83 10.44 
1 1 2 -16.53 0.00 8.88 2.23 
2 1 2 
-20.99 -37. 51 23.08 13. 78 
3 1 2 10.90 9.61 7.80 5.83 
4 1 2 0.92 -15. 29 8.23 2.00 
5 1 2 23.10 -7. 33 13.02 11. 74 
1 1 3 0.00 24.43 13. 12 11. 31 
2 1 3 17.32 
-7.96 10.24 6.92 
3 1 3 
-2. 51 9. 18 5.11 4.87 
4 1 3 17.37 
-3. 76 9.54 8.60 
5 1 3 -5.66 -17.08 9.66 23.55 
2 1 4 11. 06 7. 51 7. 18 9.22 
4 1 4 
-31. 98 -18.14 19.74 10.29 
1 1 5 0.00 -10.53 5. 65 16.27 
2 1 5 -22.03 13.24 13. 81 13.00 
3 1 5 4.38 -23.12 12.64 1 o. 14 
1 1 6 11. 74 0.00 6.30 5. 19 
3 1 6 12.24 
-9. 52 8. 33 9.43 
4 1 6 
-6.29 -16.22 9. 35 9.00 
1 1 7 
-.00 8.93 4.80 9. 16 
2 1 7 
-14.36 
-5. 91 8.34 7.14 
3 1 7 2.26 1 o. 10 5.56 12.84 
4 1 7 13. 58 9.22 8.82 9.00 
1 1 8 
-18.43 -0.00 9.90 9.89 
2 1 8 0.40 -1 7. 50 9.40 11. 95 
3 1 8 19.94 -5.54 11. 11 10.48 
2 1 9 - 3.20 -8. 15 4. 70 7.34 
3 1 9 -7.82 11.85 7.63 13.49 
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TABLE 8 - Continued 
h k 1 A B F 
calc. F obs. 
1 1 10 .:.10.89 -0.00 5. 85 24 . 51 
2 1 10 0.84 -19.24 10.34 17.40 
2 1 11 7. 74 -9.62 6.63 4 . 00 
3 1 11 -15.36 -4.13 8.54 7. 21 
2 1 12 -10.96 -18.37 11.49 8.83 
1 1 13 -0.00 15.49 8.32 10.34 
3 1 13 -16.68 -7.43 9.81 11. 35 
1 1 15 -0.00 21. 58 13.07 11. 59 
2 1 15 -7.96 4.15 4.83 11.04 
2 1 16 8.53 -2 .80 4.82 .5.65 
2 1 17 -4.32 5.41 3. 71 6 .63 
1 1 18 0.21 -0.00 0.11 3.60 
2 2 0 -15.84 0.00 8. 51 11. 13 
3 2 0 24.12 0.00 12.95 14.42 
5 2 0 -16.78 0.00 9. 01 8.48 
2 2 1 0.00 12.34 6.63 7. 21 
3 2 1 8.68 -7.81 6.27 5. 38 
4 2 1 6.25 8. 74 5. 77 5. 19 
2 2 2 17. 51 -0.00 9.40 13. 22 
3 2 2 5.60 -28. 94 15. 8 3 12.20 
4 2 2 -21.46 8.34 12.36 17. 17 
5 2 2 17. 16 5. 15 9. 62 9.69 
3 2 3 12. 10 32.47 18. 61 15. 19 
4 2 3 37. 30 - 14.25 21.45 16.34 
5 2 3 18.64 -14.97 12.84 16.58 
2 2 4 -23,37 
-0.00 12.55 12.04 
4 2 4 1. 73 16. 32 8.81 13.52 
5 2 4 -16.61 -11.74 10.93 11.22 
2 2 5 -0.00 -50. 79 27.28 18.94 
3 2 5 -13.03 -13.02 9.89 7.55 
4 2 5 -12.60 -6. 72 7.67 7.45 
2 2 6 10.84 -0.00 5.83 6.40 
3 2 6 
-5.59 -17.18 9. 70 8.54 
4 2 6 -16.36 8.52 9. 91 8. 71 
3 2 7 
-5.99 15.29 8.82 9. 74 
4 2 7 -16. 06 -4.46 8.95 3.60 
4 2 8 9.00 7.52 6.30 5.00 
2 2 9 -0.00 -22.68 12.18 10.05 
3 2 9 8.48 -12.33 8.04 7.48 
4 2 9 15.22 9.31 9. 58 11. 35 
2 2 10 40.25 -0.00 21 . 62 1.8 . 52 
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TABLE 8 - Continued 
h k 1 A B F F 
calc. obs. 
4 2 10 -0.87 -8.26 4.46 5.38 
2 2 11 0.00 -8.08 4.34 11. 57 
3 2 11 5.30 -1. 27 2.92 3.46 
3 2 12 8.43 6.02 5. 56 3.87 
3 2 13 -8.54 -3.06 4.86 9.05 
2 2 14 -4.97 0.00 2.67 6.85 
2 2 16 -11. 31 0.00 6.07 4.79 
2 2 17 0.00 11. 18 6.00 6. 55 
3 3 0 -49.04 0.00 26.35 33.64 
4 3 0 -14.04 -0.00 7. 54 19. 39 
5 3 0 -9.18 0.00 4.93 17.20 
6 3 0 18.29 -0.00 9.82 12.32 
3 3 1 - 0.00 19.94 10. 71 18.49 
4 3 1 -9.80 30.24 17.07 19.05 
5 3 1 -6.86 -8. 55 5.88 18.86 
4 3 2 -12.08 3.96 6.83 10. 81 
5 3 2 -5.83 33. 12 18.06 20.85 
6 3 2 12.54 -13.14 9.75 13.37 
3 3 3 -0.00 10. 51 5.64 6.40 
5 3 3 -13.81 -25.12 15.40 15. 06 
6 3 3 4.48 -12.52 7.14 11. 48 
3 3 4 -28. 17 0. 00 15. 13 20.07 
5 3 4 -0.45 14.47 7. 78 6.92 
6 3 4 7.52 -22. 71 12.85 22. 76 
3 3 5 0.00 25.61 13.75 16.00 
4 3 5 25.20 
-12. 18 15.03 13. 19 
3 3 6 17.55 0.00 9.43 17.49 
4 3 6 4.57 
-13. 70 7. 76 10.95 
5 3 6 9.47 -12.81 8. 56 13. 37 
3 3 7 0.00 20.25 10.87 20.61 
4 3 7 -20.14 11. 77 12. 53 10.86 
5 3 7 22.09 6. 17 12.32 12.68 
3 3 8 24.05 
-0.00 12. 92 23.10 
3 3 9 0.00 16. 81 9.02 13.37 
4 3 9 18.92 -1. 86 10. 21 8. 12 
3 3 11 0.00 9.83 5.28 8.06 
3 3 12 -4.86 0.00 2.61 10. 39 
4 3 12 -13.86 -6.49 8.22 6.40 
3 3 14 16.36 0.00 8. 79 9.43 
4 3 14 2. 74 5. 10 3. 11 5.91 
4 4 0 30.46 -0.00 16.36 20.29 
5 4 0 -20.88 0.00 11. 21 10.95 
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TABLE 8 - Continued 
h k 1 A B F 
calc. F obs. 
6 4 0 11. 31 0.00 6.07 10.95 
5 4 1 26.94 4.02 14.63 11. 00 
6 4 1 7.57 -1.21 . 4. 11 19.41 
7 4 2 
- -4.44 24. 56 13. 41 12.64 
5 4 3 
- 1.84 -14.26 7. 72 7.48 
6 4 3 19.78 11. 79 12.36 12.20 
5 4 4 2. 59 14.78 8.06 10. 19 
4 4 5 -0.00 11.43 6.14 9.69 
4 4 6 -29.62 0.00 15. 91 19. 33 
5 4 6 9. 71 -13.17 8. 79 8. 77 
5 4 7 -13.53 9.52 8.89 8.94 
5 4 8 6.50 5.41 4. 54 7.55 
4 4 10 -1 2. 37 0.00 6.64 7. 68 
5 4 10 
- 8.99 3.03 5.10 11.26 
4 4 11 0.00 13.08 7.02 19. 15 
4 4 15 -0.00 -18.52 9.95 9.26 
5 5 0 29.55 -0.00 15.87 33.64 
6 5 0 14.46 0.00 7. 75 19. 18 
6 5 1 9.28 19.09 11.40 15. 49 
5 5 2 22.65 -0.00 12. 17 11. 22 
6 5 2 13. 7 5 0.88 7.40 7. 21 
5 5 4 -29. 73 0.00 15. 96 18.68 
6 5 4 -2.42 ~5.95 8.66 9.48 
5 5 5 -0.00 -16. 71 8.9:7 11.48 
5 5 9 14.40 -0.00 7. 73 8.94 
5 5 0 -0.00 9.49 5.10 7. ;~8 
6 5 11 5.49 -1.49 3.06 11. 00 
6 6 0 -6.62 -0.00 3. 56 23.66 
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Bond distances calculated from the final at01nic para-
meters of Table 7 are generally not in close agreement with the 
initial bond distances for the model of 1 . 8 R. for the boJ~on - boron 
bond. They lie, in general, within 1 . 0 X. of this value . Some dis-
placement in space of the icosahedron from its original orientation 
has taken place during the refinement, and a three-dimensional 
F ourier sum mation u s ing the large s t observed intensities and the 
phases obtained fr om the leas t s quare s program is the logical test of 
the significance of the new positions . 
CON CLUSION AND SUGGEST ION S FOR F UTURE WORK 
The value of 0. 357 for R is a direct result o:f the least 
squares method and the final positions obtained in the process were 
n ot governed by s uch concepts as packing ability of the atoms or bond 
distances, etc . , except a s used in obtaining the initial positions. The 
gross a spects of the s tructure which gives this discrepancy factor 
cannot be considered correct until the model is refined :further to 
indisputable agreement with the experimental data. The shifts of the 
atoms at this value of R are influenced more strongly than at the start 
of the refinement by the accuracy of the scattering factors. It may 
be that better agreement can be obtained by finding out which of the 
atoms in the icosahedra are actually aluminum atoms. This can be 
done from F ourier summations if the a l uminum atom should be systema-
tically placed ~n the icosahedra and if its position throughout the 
unit cell is governed by the symmetry of the space group. In such 
a case, if the refinement is proceeding toward the correct structure, 
a three-dimensional Fourier summation should have peaks such that 
one out of every twelve has a height 2. 6 times that of the other eleven. 
The figure 2. 6 is the ratio of thirteen to five, the ratio of the numbers 
of electrons in aluminum and boron respectively. New structure fac-
tors calculated with the aluminum atoms well-placed should lead to 
an im.provement in the value of R. Conversely, if the distribution of 
the aluminum atoms is of a statistical nature, and they occupy random 
positions in the icosahedra, a Fourier summation would give no indi-
cation of their positions since all peaks would be raised i n height, on 
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a relative basis, by approximately 12 o/o over the peak hei ght of a single 
boron atom. This figure is based on the supposition that the distribu-
tion of aluminum is one per icosahedron. In either case, a three-
dimensional Fourier synthesis should illustrate whether or not the 
phases obtained from the current positions are reasonable. 
Continuation of the work on this modification of'!AlB 12 n 
may be summarized as follows. 
(1) The possibilities opened up by the least squares 
program should be exploited fully. Fourier calculations should pro -
vide information pertinent to wrongly placed atoms, significant 
shifts which may be required as well as the correctness of the input 
phases as mentioned above. A variable temperature factor B should 
be introduced in further calculations, either isotropic or anisotropic 
for all atoms. 
(2) In the event that (1) does not give positive results, 
the generation of phases by the Karle-Hauptman method should be 
continued. The relations mentioned above may be used to determine 
enough phases to permit the calculation of a three-dimensional 
Fourier synthesis. If this electron density map should contain peaks 
of reasonable height and relative position, their positions may be 
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used for either least squares refinement or for refinement by Fourier, 
difference Fourier, or differential Fourier syntheses. Calculations 
were performed by this method on a few reflections of the type hOO 
and 001. The signs found in this way compare satisfactorily with 
those given in Table 8, calculated in the least squares n·1ethod. 
(3) The analytical work should be continued because the 
results may be of value in the interpretation of the Four :'", er maps 
with respect to the type and number of molecules which might be ex-
pected to be visible. 
II. THE CR YSTAL STRUCTURE OF POTASSIUM 12-TUNGSTOCOBALTIATE 
THE CRYSTAL STRUCTURE OF POTASSIUM 12-TUNGSTOCOBALTIATE: 
Ks@owl2o4~· 20H20 
INTRODUCTION 
In conjunction with a research program on heteropoly com-
pounds currently underway in the division of inorganic chemistry, the 
crystal structure of potassium 12- tungstocobaltiate has been determired. 
The preparation, chemical analyses and density determination 
for this compound are the work of others (1-3). The structure of the 
anion had been postulated by Baker and Simmons {3) to be identical 
to that of the 12-tungstophosphate anion, ~w1 2o4~- 3, partially 
elucidated by Keggin (4} and other authors (S-7}. 
(1 ) L. C. W. Baker and T. P. McCutcheon, J. Am. Chem. Soc. , 78, 
4503 (1956}. 
{2 ) L. C. W. Baker and V. E. Simmons, J. Am. Chem. Soc.,~ 
4 7 44 ( 1 9 59). 
(3) V. E. Simmons, N. F. Yannoni, K. Eriks and L. C. W. Baker, 
Abstracts of Papers Presented before the Division of Inorganic Chemis-
try, National Meeting, Am. Chem.Soc. ,Atlantic City, N.J. 1 September, 
1959. 
{4) J. F . K eggin, Nature, 131, 908 (1933}; Proc. Roy. Soc. (London}, 
Al44, 75 (1934}. 
(5) J. W. Illingworth and J.F. Keggin, J.Chem. Soc., 575 (1935). 
{6) J. L. Hoard, Z. Krist., 84, 217 (193 3} . 
(7) J. R. de Almeida Santos, 11 Revista da Faculdade de Ciencas 
Universidade de Coimbra11 , Vol. XVI, C oimbra. 
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The evidence supporting this postulate was the proof that 
the 12-tungstocobaltiate anion has exactly the formula @oW1204~- 5 . 
A geometrical argument h ad then shown (1) that the anion must be 
based on a Co04 central tetrahedron, provided (a) that each tungsten 
atom is surrounded by an octahedral array of six oxygen atoms and 
provided (b) that one or more of the oxygen atoms adjacent t o each 
tungsten atom is shared by a polyhedron of oxygen atoms which enclose 
the cobalt atom. These characteristics were assumed initially because 
all heteropoly tungstate and molybdate structures investigated to date 
exhibit them. Assuming these conditions, the geometrical argument 
had also shown that only five gross arrangements of the tungsten and 
oxygen atoms were possible. Of these, three are of lower symmetry 
than the other two. The paramagnetism, absorption spectrum and 
oxidation-reduction potential of the compound (2) h ad confirmed the 
existence of the Co 04 grouping. Of the two structures of higher sym-
metry, the more promising had been taken as a trial structure by 
Eriks (1) and had been found to fit exactly the Patterson projection 
along the c -axi s . This solution of the Patterson function eliminated 
the other four possible structures. 
The substance is of special interest because it is the first 
compound to be discovered which contains Co(+3) in a te t rahedral site. 
This facet of the structure will be discus sed in detail later in this 
chapter. Moreover, no structural crystallographic stu6.y of any hetero-
poly or isopoly anion has been published in which the positions of the 
oxygen atoms have been located directly. 
(1) V. E. Simmons, N. F. Yannoni, K. Eriks and L. C . W. Baker, 
Abstracts of Papers Presented b efore the Division of Inorganic Chemis-
try, National Meeting. Am. Chern. Soc., Atlantic City, N.J. 
September, 1959. 
(2) L. C. W. Baker and V. E. Simmons, J. Am. Chern. Soc.,~· 
4 744 (1959). 
The general role of the cations and of the waters of hydra-
tion in the formation of the hexagonal hydrated 12-heteropoly salt 
crystals has never been clearly understood, and s ince potassium 
12-tungstocobaltiate crystallizes in the hexagonal system, it 
presents the opportunity for such an investigation. For these reasons, 
a careful refinement of the crystal structure was highly desirable. 
THE CRYSTAL STRUCTURE OF HEXAGONAL POTASSIUM 
12 ... TUNGS TOCOBAL TIA T E 
The crys tal structure of hexagonal potassium 12-tungs tocobal-
tiate has been determined. The structure was solved frorn the hk.O 
Patterson projection, and refinement was made using refle ctions 
from the hkO and Okl zones. The crystal system is hexagonal, and 
there are three molecules in the unit cell. The space group i s 
0 
P6222 (1 ), and the unit cell parameters are a = b = 19. 11 t.. 0. 01 A., 
c = 1 2. 54 ! 0. 0 1 R. , g aroma = 1 2 0 °. 
Table 9 summarizes the crystallographic data for this compound. 
TABLE 9 
CRYSTALLOGRAPHIC DATA FOR POTASSIUM 12-TUNGSTOCOBAL-
TIATE 
Crystal system • • • • 
Unit cell parameters • 
. . . . . . . . . . . . . hexagonal 
0 
• • a = b = 1 9. 11 i 0. 0 1 A. , 
c = 12. 54 ± O. 01 R., gamma::: 120°. 
Number of molecules per unit cell 
Space group 
Density: E xperimental (pycnometer) 
X-ray 
3 
P6 2 22 
• • • 4. 40 g. Icc. 
• 4. 38 g. Icc. 
(1) ' .. 'International Tables for X-Ray Crystallogra phy" , Vol. I, The 
Kynoch Press ~ Birmingham, England, 1952. 
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The anions of the three molecules in the unit cell are arranged in a 
spiral about the c-axis. The resultant structure consists of infinite 
helices of the anions. These helices surround large channels in which 
are stacked some of the potassium ions and the water molecule s. The 
anion itself has a cobalt atom at its center. Surrounding this at a 
distance are twelve tungsten atoms arranged as if situated at the 
mid-points of the twelve edges of a cube. Each tungsten atom is sur-
rounded by a distorted octahedron of oxygen atoms. The cobalt atom 
is enclosed by a slightly distorted tetrahedron of oxygen atoms which 
are shared between this tetrahedron and the octahedra surrounding the 
tungsten atoms. Adjacent W06 octahedra also share oxygen atoms. 
The whole assemblage resembles roughly a closest-packing of equal 
spheres, the oxygen atoms, with metal atoms in the interstices. 
The possible relationships between the location of the cobaltic 
ion in the weak tetrahedral field of the oxygen atoms, the electronic 
c onfi guration to be expected for the six d electrons of the hetero-
atom in such a field and the distortion of the oxygen tetrahedron are 
discussed on the electrostatic principles of crystal field theory. 
The final discrepancy factor, R, for all atoms in the unit cell 
is O. 152. Mild anisotropic thermal motion was found for the tungsten 
atoms. Individual isotropic temperature factors were found for all 
other atoms in the anion. 
All calculations were performed on either IBM 6 50 or IBM 704 
computers. Special analytical functions were developed for approxi-
mating the atomic scattering factors used in the computation of geo-
metrical structure factors. The method of their derivation and their 
application to this problem is discussed in Appendix III at the end of 
this thesis. 
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EXPERIMENTAL PROCEDURE AND PATTERSON FUNCTION ANALYSIS 
Potassium 12-tungstocobaltiate is a yellow crystalline solid 
which is very soluble in water, about 70 grams dissolving in 100 cc. 
at room temperature. Beautiful single crystals are obtained easily 
by slow cooling of a slightly acidic solution which is saturated above 
room temperature. The crystals grow in the shape of hexagonal rods 
and occasionally can be found as twins growing either side-by-side or 
jointed at an angle of about 60°. Often, they are capped by perfectly-
shaped hexagonal pyramids. The range in size is extensive. Mother 
liquor left to cool over-night in a covered watch-glass will produce 
needle-shaped crystals up to a millimeter in thickness a nd, on occasion, 
five millimeters in length. Larger specimens can be g r own over 
extended periods. The crystals with the most well-defined hexagonal 
symmetry are those which have grown out from the container surface 
through the solution. Those which grow beside one another with one 
face shared, or which g row along the surface of the container, have 
the appearance of long, flat plates rather than rods. The crystals are 
strongly efflorescent in air and they lose approximately half of their 
water of hydration in a matter of hours when permitted to dry at room 
temperature. The hexagonal crystal system appears to be destroyed 
when sufficient water has been lost, and the dry material produces 
an x-ray powder diffraction pattern of a complicated nature. The 
cobaltic compound is readily reduced to the cobaltous analogue with 
which it is isomorphous. The tungstocobaltiate anion is a vivid blue-
g r een color and has a net charge of -6. The reduced form is oxidized 
readily by MnO~, Ce +4 , s2 o8, etc., back to the yellow s pecies. 
The first single-crystal photographs which were taken were 
of the zero and first levels of the reciprocal lattice using CuKo<. 
radiation. The exposures were made with the crystal r otating 
about the c axis in a Weissenberg camera, and they led to the 
tentative assignment of the space g roup as P6 2 22. The dimensions 
of the unit cell were determined to be a = b = 19. 10 R., C = 12. 56 R. 
0 
and gamma= 120 . There are three molecules per unit cell, and 
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the x -ray density, based upon these preliminary measurements, is 4. 39 
g./ cc. as compared with the pycnometrically determine d value of 
4.40 g./cc. 
There were 14 7 independent reflections, forty of which 
were too weak to be observed. A Patterson projection was calculated 
using these hkO reflections and it is shown in Figure 4(a). Chemical 
evidence indicated strongly that the cobaltic ion resides at the 
center of the heteropoly anion (1-3), and since there are three 
molecules per unit cell, suitable sites for the cobaltic ions were in 
the special positions 3c (1/2, 0, 0; 1/2,1/2, 1/3; and 0, 1/2, 2/3). 
These atoms locate the centers of the cube-octahedra. After manipu-
lation of the tungsten framework, the synthetic Patterson m ap shown 
in Figure 4(b) was constructed from the tungsten-tungste n and 
tungsten-cobalt interactions of the three anions in the unit cell. The 
correlation between the theoretical and experimental Pat terson maps 
confirmed the position and the general orientation of the anions. The 
three cube-octahedra are shown projected onto (001) in Figure 5. Using 
(1) L. C. W. Baker and T. P. McCutcheon, J. Am. Che1n. Soc., 78, 
450 3 (1956). 
(2) L. C. W. Baker and V. E. Simmons, J. Am. Chern. Soc., 81 , 4744 
(1959). 
(3) V. E. Simmons, N. F. Yannoni, K. Eriks and L. C. W. Baker, Ab-
stracts of Papers Presented before the Division of Inorganic Chemistry, 
National Meeting, Am. Chern. Soc., Atlantic City, N.J., September, 1959. 
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Fig. 4. Calculated and theoretical Patterson function projected 
onto (001), potassium 12-tungstocobaltiate. 
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Fig. 5. P rojection of the tungsten framework onto (001} potassium 
12 -tungstocoba1tiate. 
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this model, a structure factor calculation was, made for the hkO 
reflections including only tungsten and cobalt contributions. The 
discrepancy factor for the observed reflections only was R = O. 3 7. 
A Fourier summation onto (001} was computed and i t showe d 
good agreement with the projection of the anions illustrate d by 
Figure 5. 
REFINEMENT OF THE STRUCTURE 
For the interpretation of the Patterson projection, the 
structure of the anion had been taken as identical with that of K eggin1 s 
12-tungstophosphate (1 }. The central atom is surrounded by a 
basket-like framework of twelve tungsten atoms. These are arranged 
at the corners of a regular cube .. octahedron. (See F igure 6}. For 
the refinement calculations the oxygen atoms were added to this heavy 
atom framework. Each tungsten atom is surrounded by a n octahedron 
of oxygen atoms. These octahedra are joined in such a way that 
there are twelve cases where an edge is shared by two oct ahedra, 
twelve cases where an apex (or oxygen atom} is shared by two octa-
hedra, and four cases where an apex is shared by three o c tahedra. 
(See Figure 7}. Alternately, the structure can be regarded as four 
W 3 0 13 groups arranged tetrahedrally about the co baltic ion. The four 
W 3013 groups are sharing oxygen atoms with one another i n such a way 
that forty oxygen atoms are utilized in the whole assembly. Figure 8 
illustrates the tetrahedral coordination of the cobaltic ion and one of 
theW 3o13 groups. 
Special programs were written for the IBM 6 50 computer for 
the calculation of structure and discrepancy factors for the hkO 
reflections. The number of independent atoms (twenty-three in the 
(1} J. F. Keggin, Nature, 131, 908 (1933}; Proc. Roy. Soc. 
{London}, A144, 75 (1934}. 
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F ig. 6. Three views of a cube-octahedron. 
{a) 
(b) {c) 
THREE VIEWS OF A CUBE OCTAHEDRON 
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Fig. 7. Two views of the total anion, potassium 12 -tungstocobaltiate. 

Fig. 8. One of the w3o groups plus the central tetrahE::dron of 
13 
oxygen atoms containing the co baltic ion, potassium 12 -tungsto-
cobaltiate. 
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final calculat ions), the contributions of which had to be included for 
each structure fac t or, demanded the accuracy and rapidity of 
automatic high-speed calculation. The atomic scattering factors used 
in this and subsequent structure factor calculations for reflections 
observed with Cu Ke(. radiation were taken from the analytical 
expressions d eveloped by Vand et al. (1 ) . S ince no function had been 
d eveloped for the coba l t ic ion, the foll owing one was deriv e d for 
thi s wor k . 
f c o+ 3 = 1 7. 5 9 55 e -0. 562sin2 Q+ 6 . 4 04 5 e -5 . 746sin2Q 
T a b le 10 lis t s the difference (~) betw~en the d erived function and the 
t abulate d value {2) of the s cattering f act o r . T he method used fo r 
obta i n i n g s uch a pproximations i s d esc r i b e d in Appendix III. With 
the IBM pr ograms, a set of structure fac t ors was calculated on the 
bas i s of tungs t en and cobalt contributipns alone. T he pos i tions of 
these atoms were obtained by a transformation of axes wl:.ich carried 
the Keggin parameters b a sed on the c baltic ion at the origin of a 
cubic unit cell into new parameters based on positioning t h e cobaltic 
ion at 1 /2 , O, 0 of a hexagonal unit cell The R factor for these para-
meters was 0. 38 for all r eflections an d 0. 33 for the observable 
reflections only. 
(1 ) V. Vand, P. F. E ila n d, a n d R. P epins ky, A cta C ry s t . , 10, 
30 3 {1957). 
{2) L. H. T h omas a n d K. Umeda, ..~. Ch ern. P hys . , 26, 
29 3 {19 57) . 
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TABLE 10 
TABULATED AND CALCULATED VALUES OF fc 0 +3 FOR CuK-{ 
RADIATION 
.sin2 Q f tab. f calc. 6 %~ 
o.oooo 24.00 24.00 o. 00 o.oo 
o. 0771 23.75 23. 73 o. 02 o. 10 
0.1542 23. 01 22. 95 o. 06 o. 30 
0.2313 21.89 21. 78 o. 11 o. 50 
0.3084 20.50 20. 39 o. 11 o. 50 
0.3855 18.97 18. 91 o. 06 0.30 
0.4625 17.44 17. 48 0.04 0.20 
0.5396 16. 01 16.14 0.13 0.80 
0.6167 14.72 14. 93 o. 21 1. 40 
0.6938 13. 59 13. 83 0.24 1. 70 
0.7709 12. 63 12. 81 0.18 1. 40 
0.8480 11. 79 11. 85 0.06 0.50 
o. 9251 11.04 1 o. 92 o. 12 1. 10 
A comparison of the observed and calculated structure factors 
indicated differences of the order of several hundred per cent for 
many of the reflections. A close inspection of the films revealed 
that some of the reflections had been misindexed, particua.rly at 
rather high Q ... values. This may have been caused by the random 
absence of various reflections and the compres sian on the film of 
the reciprocal lattice caused by the 60° angle between the a~:' and b~!' 
axes. Furthermore, it seemed that the high linear absorption 
coefficient for this compound ()A= 506. 5 em. -l for CuKo<. radiation} 
combined with a sample thickness of about 0. 012 em. resulted in 
the complete obliteration of the centers of some of the spots. Since 
absorption corrections could not be applied to these intensities to 
obtain reliable data, a new crystal of smaller diameter w a s needed 
to obtain usable intensities. 
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The specimen used for the hkO zone data was a well-shaped 
hexagonal rod having a length of 0. 35mm., m ean diameter of 0. 087mm. 
and a value of r r for CuKD( radiation calculated to be 2. 18. In order 
to prevent the efflorescent degeneration of the crystal for enough 
time to take the x-ray photographs, the sample was sealed into 
special low-absorption capillary tubes which had a diameter of 0. 5mm. 
and a wall thickness of 0. 01 mm. Weissenberg photographs of the 
zero level reciprocal lattice plane were made using the multiple 
film technique with the crystal rotating about the c axis. CuKo<., 
radiation was used for these exposures. The intensities were 
measured visually by comparison with a standard series of reflec-
tions of graded intensity. Ther e were 14 7 independent reflections, 
forty-three of which were too weak to be estimated. The intensities 
were corrected for the Lorentz and polarization factors, and for 
absorption us ing corrections for cylindrical crystals as tabulated in 
the literature {l ). A determination of approximate scale and tem-
perature factors was made using the method of Wilson (2). The 
temperature factor so found was B = 3. 0 R~, and the scale factor, 
the ratio of F calc. to Fobs. 1 was 44. 5 for the contents of the 
enti r e unit cell. The application of the isotropic temperature factor 
completed the processing of the intensities. 
Since the efflorescent character of the crystal did n ot permit 
the recording of the total contents of the sphere of reflecti on by 
Weissenberg techniques, another crystal was mounted for photography 
on the precession camera. Rotation about the c axis would provide 
data for the Okl zone and this zone could then be used for Fourier 
projections which should provide the z parameters for the atoms i n 
the unit cell. These parameters, when combined with the x andy 
parameters available from the hkO data, would give the atomic posi-
tions in three-dimensional space. The crystal use d for the Ok1 zone 
{l) A. J. Bradley, Proc. Phys. Soc. {London), _±2', 8 79 (1935). 
{2) A. J. C. Wilson, Nature, 1 50, 152 {1942}. 
69 
was 1. 53 mm. long and had a mean diam eter of 0. 1 75 mrn. T he 
prece ss ion photographs were made with Mo:KGfradiation, and JAr was 
2. 66 , assum ing cylindrical s hape for this crystal. E xposures of 
sixty and twenty hours were made with a thirty de gree prece ssion 
angle . T here were 32 0 possible independent reflections, 201 of 
which were too weak to be observed. The intens ities were estimated 
visually with the same standard which had been use d for the hkO 
reflections. Lorentz and polarization c orrections were applied 
simultaneously using the template developed by Waser (l ). An 
absorption correction was necessary, and since there ap~>eared to 
be no absorption corrections for precession photography in the 
literature, a method was developed for this purpose and 2.pplied t o 
the intensities. T he derivation of this correction is presented in 
part three of this thesis . Scale and temperature factors for this 
zone a s given by a Wilson plot (2) were 80. 7 and 1. 19 J?.. ~ respec-
tively. The final Fobs ~ values for the Okl reflections were ob-
t aine d by the a pplication of a correction for isotropic thermal 
mot ion of the atoms. T he assignment of space group P 6 2 22 was 
confirmed b y the use of the intensity statistics of Wilson (3 ) as 
modified by Howells e t al. (4) on the hkO and Okl zones. Figure 9 
p resents the re sults gr a phically, and they rule out space groups 
P 3 ll2, P3 1 2l and P 62, leaving P 6 222 as the only possibility. 
(l) J. Waser, R ev. S ci. Instr., 8, 563 (1951). 
~ (2) A. J. C. Wilson, Nature, 1 50, 1 52 (1942). 
{3) A. J. C. Wilson, Acta C ryst02 ~ 318 (1949). 
(4) E. R. Howells, D. C. P hillips and D. R ogers, Acta C ryst., 
~ 210 {1950). 
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Fig. 9. Intensity statistics test for centrosyrnrnetry. The values 
of N (Z) are the fractions of reflections, the intensities o:f which 
are equal to or greater than a fraction Z of the local average inten-
sity. 
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Structure factors were calculated for both zones of re-
flections summing the contributions of all tungsten atoms, all 
co baltic ions, all oxygen atoms in the anion and one thre e -fold 
potassium ion which was placed in the special positions 1 I 2, 0, 1 I 2; 
112, 112, 516; 0, 112, 116. The atomic scattering factors for the 
Okl structure factors were approximate d by analytical fun ctions for 
use with data obtained using molybdenum radiation. (See Appendix 
III). The discrepancy factors for the observed reflections for the 
hkO and Okl zones were 0. 18 and 0. 28 respectively. Projections of 
the structure onto {001) and (1 00} are centrosymmetric and the 
calculated signs of the structure factors were used in the calculation 
of Fourier and difference Fourier summations for both zones. 
The formulae for the electron density for both pro jections 
are derived below from the general formula for space group 
P6 222. (1}. 
General Formula: 
00 
j'J (x, y , z) " ~ 'r i i~\F(hkl~ vc~1 cos 21f(hx+ky )cos ~1\ lz ~ -<.(hkl~ + 
0 
where V c is the unit cell volume and o\ 1s the phase angle to be 
associated with the reflection {hkl). 
{1) "International Tables for X-Ray Crystallography'', Vol. I, 
The Kynoch Press, Birmingham, England, 1952. 
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Reduced formulae: 
Q() 
_ 2c 'f[f f> (x, y) - V F {hkO) + F (hkO~ c~ '!J cos2fthx cos21fky + 
0 
o 4a~ ~ J 
/' (ysin60 , z) = Vc~ LF (Okl)cos21fky cos21flj 
0 
Figures 10 and 11 illustrate the results of the Fourier s u mmations. 
All of the anionic constituents can be clearly seen in the hkO Fourier 
map, and several peaks appeared in the large channels b etween the 
anions. To these peaks were assigned the undetermined potassium 
ions and the water of hydration. The tungsten atoms show up 
clearly in the Okl Fourier map but there is poor resolution of the 
anionic oxygen atoms, the water molecules and potassium ions. In 
order to determine whether or not it would be possible to locate 
these atoms from a projection, more terms would be needed in the 
Okl zone to contribute to the Fourier summation. It se e med advisable 
to take longer e xposures using the precession technique so that the 
number of estimatable intensities might be increased. 
A new preparation of the compound was made. Part of the 
yield was used to obtain a powder pattern m a de with a p e trolatum 
slurry of some ground crystals. A least squares fit to the 93 
index able reflections (Table 11) led to the parameters a = b = 19. 00 
+ 0.01 .R., c = 12. 54 :!: 0. 01 .R. A small prismatic crystal was 
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Fig. 10. hkO Fourier synthesis projected onto (001), potassium 
12 -tungstocobaltiate. 
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HKO FOURIER SYNTHESIS 
PROJECTION ONTO (001) 
Fig. 11. First Ok1 Fourier projection onto ( 100), potassium 
12-tungstocobaltiate. 
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selected and sealed into a glass capillary of the same special type 
as that described above . The mean diameter of the specimen was 
0. 057 mm. and its length was 0. 84 mm. For a crystal of this size 
and MoKo( radiation, f r is calculated to be 0. 869; a va.l.ue which 
permits considerably more accurate correction for absorption than 
that which was possible with crystals used previously. Exposures 
of sixteen, forty-eight and 144 hours were made. The longest 
exposure produced observable intensities for 209 of the 32 0 possible 
reflections. These intensities were processed similarly t o those 
obtained from the first set of precession films. Lorentz, polari-
zation, absorption and isotropic temperature factor corrections 
were applied. Scale and temperature factors found from a Wilson 
plot (l) were 51.0 and 1. 95 R~ respectively. A new Okl Fourier 
summation was computed using the phases obtained from the previous 
structure factor calculations. It is shown in Figure 12. The increase 
in resolution resulting from the added number of terms in the 
Fourier summation permitted tentative position assignments for 
some of the non-anionic constituents of the unit cell. The Fourier 
syntheses were not considered good enough to provid e unequivocal 
potassium ion position& and all subsequent calculations were carried 
out using oxygen scattering factors for all positions where there 
was some doubt as to whether the peak in the Fourier map represented 
a potassium ion or an oxygen atom. This procedure prevented subse-
quent electron density maps from becoming biased toward any parti-
cular conception of the structure. I£ the data were sufficie ntly com-
plete, potassium ions should be distinguishable from oxyge n atoms 
because of their larger relative peak height. 
(l) A. J. C. Wilson, Nature, 150, 152 (1942). 
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Fig. 12. Second Okl Fourier projection onto (100), potassium 
12 - tungstocobaltiate. 
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TABLE 11 
hkl, dobs ., deale., AND INTENSITY FROM TUNGSTATE POWDER 
PATTERN 
hkl dobs. d calc. Intensity hkl dobs deale. Inte ns ity 
100 16 .535 16.550 67 33 2 2.845 2.840 9 
101 9.994 9.995 1:::00 214 2.804 2.803 28 
110 , 9.57 3 9.555 22 600 2.7 6 3 2. 748 6 
2 00 8.295 8.274 32 413 2. 735 2. 733 26 
111 7 . 6 22 7.600 18 304 } z; 729 { 2. 726} 24 
210 6 .267 6 .255 8 430 J . ~ / ·~ 2. 721 
102 5. 858 5. 863 12 6 01 2 ,691 2. 6 94 19 
211 5. 6 08 5. 597 8 431 2 , 663 2. 659 6 
300 5. 521 5. 517 4 503 2..596 2. 595 21 
112 5.242 5. 252 23 383 ~.536 2. 533 12 
301 5. 058 5. 050 24 6 10 ~.53 0 2.524 21 
202 5.023 4.997 10 423 ~.407 2.504 14 
220 4.787 4. 778 26 105 ~.479 2.480 20 
210 4 . 6 0 3 4. 590 6 522 ~.444 2.441 4 
221 4.471 4.464 10 115 2.,426 2.426 7 
311 4.316 4.310 13 205 2 .406 2.400 2 
302 } 4.147 {4.142} 24 414} r3671 400 4.137 700 2.370 2.364 1 3 103 4.051 4.053 8 530 2.3 64 
401 3.928 2.929 4 215 2.329 2.328 1 
222 3.808 3.800 16 6 20} { 2. 29 5 } 
203 3 . 731 3. 731 17 603 2.298 2.302 - 3 
312 3. 7 11 3.704 24 305 2.283 2.283 8 
321 3.641 3.634 8 523 2.238 2, 2 38 4 
213 3.475 3.475 32 424 2.214 2.214 4 
402 3.459 3.453 35 315} 2. 196 {2. 201} 8 
303 3 . 332 3 .332 20 710 2. 192 
500 3 . 3 16 3.310 16 6 13 2. 163 2.1 6 1 8 
322 3. 253 3.248 54 40 5 2.148 2.145 1 
330 3.190 3.185 16 540 2.124 2. 119 4 
420} 3. 135 {3.128} 325 2.094 2.09 3 11 412 3. 129 40 443 2 .0 74 2.074 10 
313 3. 091 3. 091 21 415 2.06 0 2.06 0 8 
104 3.077 3.080 24 434 2.055 2.055 8 
421 3.040 3.035 6 524 2.025 2.024 3 
510} { 2. 972} 623 2.010 2.012 6 
114 2. 981 2.979 7 216 l. 982 1.982 4 
40 3 2.942 2.941 14 335 1.969 1.970 2 
511 2.898 2.892 5 425 l. 9 56 l. 957 4 
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TABLE 1~, continued. 
hkl dobs. deale. Intensity hkl d obs. d calc. Intensity 
713 1.941 1. 941 2 426 1. 739 1. 738 6 
515 1. 919 1. 917 3 445 l. 731 1. 730 8 
316 1. 903 1.902 4 217 1. 722 1.722 7 
543 1. 892 1. 890 2 516 1. 707 1. 710 2 
406 1.866 1. 865 6 307 1.702 1. 704 3 
730 1. 859 1.862 12 903 1.684 1.683 9 
605 1. 856 1. 856 12 317 1. 669 1. 669 5 
525 1. 824 1.822 8 823 1. 658 1. 658 5 
821 1. 791 1. 787 6 407 1.644 1.644 2 
107 1. 782 1.781 7 554 1. 634 1. 632 4 
506 1. 767 1. 767 7 832 1. 622 1.623 5 
327 1.620 1. 620 6 
The observed structure factors for the Okl zone we r e 
place d on the same scale as those of the hkO zone by using the 
ratios of the OkO reflections which were common to both sets. 
The refining of the atomic parameters was done on an IBM 704 com-
puter with the least squares program written by Busing and Levy (1 ). 
Two small subroutines were written for this program. The first of 
these was a data processing subroutine which assigns a logical weight 
factor to each observed structure factor; it is described in detail in 
Appendix II. The second subroutine is a patch program to permit in-
clusion of the atoms in special positions of the space group so that 
each contributes its proper amount to the calculated structu re factor. 
This subroutine is described in Appendix IV. 
Two hundr e d and ninety-seven observed reflections, as well 
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as 215 reflections too weak to be observed, were included in the re-
finement. Table 12 is a list of the input parameters to the first cycle. 
Tentative isotropic thermal motion was assigned to all atoms, and B 
(I) W. R. Busing and H. A. Levy, A Crystallographic L e ast 
Squares Program for the IBM 704, ORNL C entral Files Number 59-
4-37, Oak Ridge National Laboratory, Oak Ridge, Tenn., April, 1959. 
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TABLE 12 
INPUT PARAMETERS TO THE BUSING LEAST SQUARES PROGRAM 
Atom Atom by Multiplicity X y z 
by name number of position 
Tungsten 1 12 0.3700 o.oooo 0.8012 
II 2 12 o. 57 50 0.1500 0.8012 
II 3 12 0.4450 0.1500 0.0000 
Oxygen 4 12 0.5830 0.0597 0.0789 
II 5 12 0.5800 0.0586 0.7738 
II 6 12 0.6780 0.0621 0.9228 
II 7 12 0.5340 0.1715 0.0772 
II 8 12 0.6230 0.0900 0.2820 
II 9 12 0.7300 0.0900 o. 1188 
II 10 12 0.6850 0.2140 o. 1188 
II 11 12 0.8140 0.2290 0.9920 
II 12 12 0.7000 0.0061 0.6980 
II 13 12 0.6200 0.2290 0.6980 
Potassium 14 3 0.5000 0.0000 0.5000 
(+1) 
Coba1t(+3) 15 3 0.5000 0.0000 o.oooo 
Oxygen 16 12 0.1400 0.0400 0.1000 
II 17 12 0.2400 0.0500 0.1667 
II 18 12 0.4200 0.0400 0.4000 
II 19 12 0.1600 0.0000 0.3333 
II 20 6 0.1600 0.3200 0.0000 
II 21 6 0.0500 0.1000 0.0000 
II 22 6 0.1000 0.2000 0.0000 
II 23 6 0.1400 0.2800 0.5000 
Atoms #1 through 13, and 15, constitute the anion. 
was set at 2. 5 R. 2 This was a compr omise between the values of 
3, 04 and 1. 95 R.2 found for the two zones separately as mentioned 
above. The R value for the combined sets of reflections was 0. 26 7 
8 1 
at the end of the first cycle. Four more cycles were com.puted varying 
only the position parameters of the atoms in the anion, After their 
completion, R had decreased to 0. 204. Three more cycles in which 
the position parameters of all the atoms were varied re duced R to 
0. 183, and the shifts in the parameters were all less than the calcu-
lated error in the atomic positions. The computation of this error is 
de scribed in detail in the program manual, (1 ). The isotropic thermal 
parameters for the anion and the three-fold potassium ions were 
varied for three cycles and R dropped to 0. 164. Two more cycles 
in which the tungsten temperature factors were permitted to assume 
anisotropic character reduced R to its final value of 0. 152 . The 
following tables summarize the progress of the refinement. Table 13 
lists the successive values of R corresponding to the various least 
squares cycles noted above. Table 14 lists the values of R corres-
ponding to the various methods of comparison between F b and 
0 s. 
F 
calc. The following expressions were used for computing these 
R factors. 
~ = ( (sign of K 1 F l ) F b - K 1 F ) ; 
ca c. o s. calc. 
where (W) 1 I 2 is a function of sigma, the estimated error in F b . . 
0 s. 
All unobservable reflections were given an intensity value equal to 
(1) W. R. Busing and H. A. Levy; A Crystallographic Least Squares 
Program for the IBM 704, ORNL Central Files Number 59-4-37, Oak 
Ridge National Laboratory, Oak Ridge, Tenn., April, 1959 . 
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one-half the minimum obse rvable intensity in that section 
where the unobserved reflection was situated. 
of the film 
opic 
s the 
b l e 16 
Table 15 is a listing of the final position and isotr 
temperature parameters found for this structure, as well a 
average standar d deviation in the position parameters. Ta 
contains the anisotropic temperature factors for the thre e 
tungsten atoms. Table 17 presents the results of the las t 
factor calculations which included both observed and unobs 
independent 
structure 
erved 
reflections. 
TABLE 13 
R AS A FUNCTION OF VARIATION OF A TOMIC P A R A M ETERS 
Number 
of Cycles 
4 
3 
3 
2 
Position Parameters 
Anion plus 
3-fold K+ 
X 
All atoms 
X 
~:' Value of R before the first cycle. 
Temperature Facto rs 
Isotropic 
for anion 
& 3-fold 
K+ 
X 
opic A nisotr 
for tun 
only 
gsten 
X 
As a result of the last set of structure factors listed 
R 
0.267 >!< 
0.204 
0.183 
0.164 
0.152 
in Table 17, a new Okl Fourier projection was calculated w 
of six small Fourier coefficients changed from those used 
the Fourier projection of Figure 12. The improvement is 
Figure 13 in which the smaller peaks are sharpened and so 
looking contours have been cleanly resolved into discrete p 
ith the signs 
to compute 
evident in 
me odd-
eaks. 
I 
·-
--
Fig. 13. Final Okl Fourier projection onto {100), potassium 
12-tungstocobaltiate. 
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OTHER CONTOURS AT ARBITRARY INTERVALS 
Only one very small Fourier coefficient in the hkO zone 
changed sign during the refinement. No Fourier projections were 
computed for this zone after that of Figure 10. 
TABLE 14 
RASA FUNCTION OF SETS OF REFLECTIONS 
U nweighted R Weighted R 
Zone Observed All ref- Observed All ref-
reflections lections reflections lections 
only only 
hkO o. 157 0.190 o. 155 0.184 
Ok1 o. 149 0.194 o. 161 o. 117 
hkO & Okl 0.152 o. 193 o. 159 0.159 
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TABLE 15 
FINAL ATOMIC AND TEMPERATURE PARAMETERS FOR 
K 5 ~oW 120 4J · 20H2 0 
Atom Atom~:~ Standard Isotropic 
Symbol Number X y z De via- Temp. 
tion R. Factor 
w 1 0.3723 0.0080 0.8044 0.010 2.6363 
w 2 o. 56 74 0.1490 o. 7996 0. 010 2.0624 
w 3 0.4477 o. 1523 -0.0125 0.009 1.8686 
0 4 o. 58 70 0.0799 0.0796 o. 13 2.7162 
0 5 0.6277 0.0782 0.8143 o. 15 2.2663 
0 6 0.6871 o. ll 77 0.9136 o. ll 3.1028 
0 7 0.5054 0.1760 0.1037 o. 15 2.9671 
0 8 0.6654 0.1012 0.2968 o. 14 3.0420 
0 9 o. 7157 0.0558 0.1470 o. 12 3.5160 
0 10 0.6681 0.2178 0.1207 o. 14 2.1439 
0 ll 0.8033 0.2153 0.0498 o. ll 2.4936 
0 12 0.6932 - 0.0044 0.7269 0. 15 l. 9162 
0 13 0.6238 0.2103 0.7098 o. 14 2.9044 
K(+ 1) 14 0.5000 0.0000 0.5000 
----
4.1663 
Co(+3) 15 0.5000 0.0000 0.0000 
----
3.8195 
0 16 0.1353 0.0720 0.0808 0.10 2.5000 
0 17 0.2556 0.0666 0.2207 o. 15 2.5000 
0 18 0.3636 0.0608 0.4302 o. 12 2.5000 
0 19 o. 1152 -0.0696 0.4133 o. 12 2.5000 
0 20 0.1224 0.2448 0.0000 o. ll 2.5000 
0 21 -o. 0681 -0.1362 0.0000 o. 13 2. 5000 
0 22 0.2397 0.4794 o.oooo 0.15 2.5000 
0 23 0.1891 0.3782 0.5000 o. 13 2.5000 
:::{ Refers to numbering sequence of atoms in least-squares refinement. 
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TABLE 16 
ANISOTROPIC TEMPERATURE FACTORS FOR THREE TUNGSTEN ATOMS 
Tungsten #1 Tungsten #2 Tungsten #3 
BETA (1, 1) 0.0026 0.0017 0.0024 
II (2, 2) 0.0023 0.0018 0. 0012 
II ( 3, 3) 0.0038 0.0032 0.0028 
II (1' 2) 0.0009 0.0005 0.0008 
II (1, 3) -0. 0010 0.0005 0.0003 
II (2, 3) 0.0007 0.0008 -0.0005 
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TABLE 17 ~< 
OBSERVED AND CALCULATED STRUCTURE FACTORS 
h k 1 F obs. F calc. h k 1 Fobs. F calc. 
1 1 0 8. 54 -7.73 13 2 0 l. 41 >!< -2.14 
2 1 0 3. 74 4.37 14 2 0 5. 10 5. 50 
3 1 0 6.08 5. 32 15 2 0 l. 73 -3.18 
4 1 0 2. 65 -2.90 16 2 0 3. 6 1 -4.55 
5 1 0 6.40 -5. 41 17 2 0 2. 45 l. 84 
6 1 0 1 o. 00 -12. 57 18 2 0 1. 00>!< -1. 1 3 
7 1 0 12. 61 -12.60 19 2 0 2.45 2. 13 
8 1 0 6.48 6.24 3 3 0 20.25 15. 98 
9 1 0 3. 8 7 -5. 29 4 3 0 10.63 -12. 91 
10 1 0 6. 93 7. 16 5 3 0 12. 12 13. 08 
11 1 0 l. 41>!< - 1. 27 6 3 0 4.90 5. 16 
12 1 0 8. 12 - 8. 71 7 3 0 12. 77 - 1 1.44 
13 1 0 4.00 -3. 69 8 3 0 20.12 17. 28 
14 1 0 7. 21 -7. 65 9 3 0 5. 74 -5. 90 
15 1 0 3. 32 5. 68 10 3 0 5. 92 4. 39 
16 1 0 1. 00>!< l. 62 11 3 0 l. 41>!< 2.49 
17 1 0 l. 00>!< 2.86 12 3 0 1.41>!< -2. 19 
18 1 0 l. 00>!< -2. 71 13 3 0 3. 87 3. 89 
19 1 0 2.83 -2. 90 14 3 0 2.24 -2. 01 
20 1 0 2.00 - 3. 56 15 3 0 1. 00>!< 2.00 
2 2 0 18.97 -61.42 16 3 0 3. 00 2. 56 
3 2 0 2. 65 -0. 25 17 3 0 1. 00>!< o. 7 5 
4 2 0 3. 00 2. 18 18 3 0 1. 00>!< -0.66 
5 2 0 o. 80>!< -1. 66 19 3 0 l. 73 2.68 
6 2 0 7. 35 8,13 4 4 0 3. 74 6.25 
7 2 0 3. 32 -3. 11 5 4 0 10. 34 - 10. 66 
8 2 0 4.69 5. 08 6 4 0 4.80 4,75 
9 2 0 1 o. 25 -8.94 7 4 0 9. 06 -9 . 19 
10 2 0 2.45 -2.80 8 4 0 1. 41 >!< l. 30 
11 2 0 3,74 4.32 9 4 0 3. 16 -3. 30 
12 2 0 3, 00 2.40 10 4 0 4.90 -6.84 
('!<) A starred value ofF obs, indicates a reflection which was too weak to 
be estimated on the film. The se reflections were as signe d an intensity 
equal to one-half the minimum observable intensity in that a rea of the film. 
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TABLE 17 - Continued 
h k 1 F F calc. h k 1 Fobs. F' obs. calc. 
11 4 0 1. 41 1. 64 13 7 0 1. oo~:, 1. 89 12 4 0 3. 74 
-4.02 14 7 0 3. 16 4.13 
13 4 0 1. 41 2.20 15 7 0 3.00 -4. 53 
14 4 0 2.65 
-3.06 16 7 0 2.83 
-2. 76 
15 4 0 1. 00~' 
-0.39 8 8 0 14. 11 15. 51 
16 4 0 1. oo~:c 
-1. 03 9 8 0 1. 41 0.20 
17 4 0 3. 00 
-3. 57 10 8 0 5.29 5. 72 
18 4 0 o. 35~:< 1. 08 11 8 0 4. 12 3.68 
5 5 0 3. 61 3.88 12 8 0 3. 74 -3. 72 
6 5 0 7.94 6.09 13 8 0 3. oo~:' 
- 3 .00 
7 5 0 3. 32 
-3.22 14 8 0 1.oo~:, 0.47 
8 5 0 1. 41 ~:< 2.76 15 8 0 3.00 4.12 
9 5 0 4.90 5.47 9 9 0 7.68 
-8. 91 
10 5 0 1. 41~!< 
-0.77 10 9 0 1. oo~:, 1. 17 
11 5 0 1. 41 ~:< 
-0. 59 11 9 0 1. oo~~ 0.44 
12 5 0 1. 41 ~:< 
-0. 03 12 9 0 2.24 1. 87 
13 5 0 1. oo~:, 
-0.94 13 9 0 1. 41 2.22 
14 5 0 4.47 3.69 14 9 0 o. 48~!< 
-1.62 
15 5 0 3.46 
-3. 40 10 10 0 2.83 
-1. 04 
16 5 0 4.12 4.21 11 10 0 1. oo~:, 
-1.80 
17 5 0 o. so~:, 
-0.00 12 10 0 1. oo~:, 0.74 
18 5 0 2.45 
-3. 01 13 10 0 1. oo~:, 
-1. 6 7 
6 6 0 4.24 
-5. 32 11 11 0 4.36 3.44 
7 6 0 1. 41 ~:c 
- 0.33 12 11 0 1. 73 
-2.68 
8 6 0 1. 4P!' 
-1.94 13 11 0 2.00 3. 55 
9 6 0 1.4P!' 
-0. 18 0 1 0 14.00 -13.12 
10 6 0 3. 00 2.38 0 2 0 10.40 12. 3 7 
11 6 0 5.66 7. 10 0 3 0 3.80 4. 13 
12 6 0 1. 4P!< ~2. 78 0 4 0 14. 50 -13.84 
13 6 0 1. oo~:, 
-0.24 0 5 0 13.70 12.61 
14 6 0 1. oo~:, 0.45 0 6 0 7.60 6.90 
15 6 0 3. 87 
-4. 78 0 7 0 17.80 19.99 
16 6 0 3.87 5. 13 0 8 0 5. 10 -1. 32 
7 7 0 13. 98 11. 07 0 9 0 o. 90~!< 1. 78 
8 7 0 9.80 
-9.97 0 10 0 5.40 -4.90 
9 7 0 1. 41 ~:< 
-1. 35 0 11 0 6.20 5. 14 
10 7 0 6.63 
-7.42 0 12 0 2.50 1. 15 
11 7 0 3.46 
-5. 14 0 13 0 9.50 8.16 
12 7 0 1. oo~:, 
-0.18 0 14 0 15.00 17.79 
(~:') A starred value of Fobs. indicates a reflection which was too weak to 
be estimated on the film. These reflections were as signed an intensity. 
equal to one-half the minimum observable intensity in that area of the f1lm. 
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TABLE 17 - Continued 
h k 1 F F calc. h k 1 F F calc. obs. obs. 
0 15 0 7. 80 7 . 76 0 5 2 4. 40 4.95 
0 16 0 4.00 4.91 0 6 2 7.00 -5. 76 
0 17 0 2.80 - 2.27 0 7 2 2.80 -4. 08 
0 18 0 2.20 - 1. 35 0 8 2 o. 90~!< 
- 0.55 
0 19 0 5. 80 4. 74 0 9 2 6.80 -6.42 
0 20 0 4.00 4.00 0 10 2 3. 10 - 3. 61 
0 21 0 3.20 2. 84 0 11 2 3. 8 0 -3.37 
0 22 0 1. 1 o~:, 
-1. 19 0 12 2 3.00 2.09 
0 23 0 3. 30 -3. 14 0 13 2 4.40 -4.37 
0 1 1 15. 00 16. 91 0 14 2 1.2o~:, 0. 6 1 
0 2 1 1. 2o ~:, 
-1. 30 0 15 2 1. 30~!< 
- 2. 58 
0 3 1 1 o. 30 -10. 73 0 16 2 2. 8 0 -3.34 
0 4 1 3.90 -4. 19 0 17 2 l. 30 • 71 
0 5 1 4.40 3. 71 0 18 2 3. 10 ··3. 72 
0 6 1 9.40 8.62 0 19 2 4.00 3. 25 
0 7 1 3.30 2. 58 0 20 2 2. 10 -· 2. 12 
0 8 1 4.60 4.15 0 21 2 1. 2o~:, 
-·0. 48 
0 9 1 l. 70 -1. 98 0 22 2 1. oo~:, 
·-0. 4 3 
0 10 1 6.30 
-5.49 0 23 2 l. 90 - 1. 79 
0 11 1 l. 50 -0.41 0 0 3 13.00 - 12.00 
0 12 1 3.20 2.43 0 1 3 5.10 4.90 
0 13 1 7.00 7. 18 0 2 3 10.00 
-·9. 31 
0 14 1 l. 70 l. 23 0 3 3 13.00 
- 11. 11 
0 15 1 l. 30>!< 0.03 0 4 3 15. 20 10.38 
0 1 6 1 1. 3o~:, 0.03 0 5 3 16. 70 
-17. 6 1 
0 17 1 6.20 -6 . 51 0 6 3 2. 70 o. 3 7 
0 18 1 2.90 2. 58 0 7 3 4.00 5. 19 
0 19 1 1. 3o ~:' 2.40 0 8 3 13.40 
-9.20 
0 20 1 1. 3o ~:, 0.70 0 9 3 l. 8 0 -1. 68 
0 21 1 2.40 2. 58 0 10 3 2.10 l. 00 
0 22 1 1. 1 o~:, 
- 2.44 0 11 3 4.50 - 3. 52 
0 23 1 o. 7o ~:, 
- 0. 15 0 12 3 4.90 -5.29 
0 1 2 6.80 - 7.6 7 0 13 3 5. 00 5. 16 
0 2 2 6. 70 -7 .8 7 0 14 3 5. 40 -5. 26 
0 3 2 o. 50 >!< 
- 2.32 0 15 3 1 . oo ~:, 0.8 3 
0 4 2 13.40 - 12. 52 0 16 3 5.30 -4.47 
(~!<) A starred value of Fobs. i ndicate s a reflection which w as too w eak 
to be estimated on the film. These reflections w ere as signed an intensity 
equal to one-half the minimu m observable intens ity in th at are a of t he film. 
90 
TABLE 1 7 - Continued 
h k 1 F F h k 1 F F obs. calc. obs. calc. 
0 17 3 1. 3o~:, 
-0.63 0 9 5 4.30 4.88 
0 18 3 3.40 2.82 0 10 5 1. 1 o~:, 2.02 
0 19 3 6.30 -5.39 0 11 5 4.80 -5.43 
0 20 3 5. 10 5. 14 0 12 5 5.60 6. 75 
0 21 3 2.30 -2.21 0 13 5 8.90 8. 19 
0 22 3 2.20 -1. 77 0 14 5 3.00 3. 43 
0 1 4 12.90 9.93 0 15 5 5.50 5.46 
0 2 4 o. so~:, 0.82 0 16 5 5.10 -4.98 
0 3 4 5.90 -4.64 0 17 5 1. 3o~:, -2.02 
0 4 4 3.40 -5.43 0 18 5 1. 30~:< 0.08 
0 5 4 1. 30 2.32 0 19 5 2.30 2.66 
0 6 4 8. 70 7.45 0 20 5 3.60 3.67 
0 7 4 2.80 2.04 0 21 5 3.30 2.49 
0 8 4 7. 70 7.29 0 22 5 o. 7o~:, 
-0. 99 
0 9 4 1. oo~:, -0.86 0 0 6 17.50 21. 19 
0 10 4 5.60 -5.47 0 1 6 5.50 -5.40 
0 11 4 3. 90 -4.03 0 2 6 1. oo~:, 2.68 
0 12 4 7.30 7.03 0 3 6 1. oo~:, 0.96 
0 13 4 1. 2o~:' 2.34 0 4 6 3.60 -1. 56 
0 14 4 3.00 1. 51 0 5 6 3.80 3.34 
0 15 4 4. 70 4. 77 0 6 6 5.60 5.98 
0 16 4 5. 50 -5.92 0 7 6 11. 90 10.47 
0 17 4 1. 3o~:' 0.05 0 8 6 1. 1 o~:, 1. 07 
0 18 4 2.30 -1. 76 0 9 6 1. 1 o~:, 0.56 
0 19 4 4.30 3.62 0 10 6 4.40 -4.48 
0 20 4 1. 20>!< 2.98 0 11 6 3.20 3.86 
0 21 4 1. 1 o~:, 1. 00 0 12 6 1. 30>!< 
-1. 17 
0 22 4 1. 80 1. 92 0 13 6 4.80 4.96 
0 1 5 17.80 21.00 0 14 6 7.80 6.89 
0 2 5 2.00 -1.83 0 15 6 5.40 -4.60 
0 3 5 4.50 -4.03 0 16 6 1. 3o~:' -0.80 
0 4 5 o. 90>!< 0.50 0 17 6 1. 30~:< 
-0.91 
0 5 5 1. oo~:< -1. 10 0 18 6 1. 3o~:, -0.38 
0 6 5 16.00 14.10 0 19 6 1. 2o~:, 1. 21 
0 7 5 9.50 8.40 0 20 6 4.30 3.86 
0 8 5 10. 70 8.50 0 21 6 0. 90~:, 0.57 
(>!<} A starred value of F indicates a reflection which was too weak 
obs. 
to be estimated on the film. These reflections were assigned an intensity 
equal to one-half the minimum observable intensity in that area of the film. 
h 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
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TABLE 17 - Continued 
1'--
k 1 F F h k 1 F F 
obs. calc. obs. cal c. 
1 7 7.30 -6.57 0 16 8 1. 3o~:{ -0.09 
2 7 1. 80 3,84 0 17 8 1. 2o~~ -0.52 
3 7 4.90 -5 . 6 1 0 18 8 1. 2o~:{ -1. 27 
4 7 8.40 -7.03 0 19 8 1. 2o~:{ 1. 25 
5 7 8.20 6.36 0 20 8 1. 60 -1. 96 
6 7 6. 10 -6.32 0 0 9 11. 60 12.85 
7 7 4,10 -3.43 0 1 9 3, 50 -2.95 
8 7 1 .2o~:{ 0,20 0 2 9 2,00 1. 08 
9 7 1 . 2o;:{ -0.87 0 3 9 4.70 -3. 54 
10 7 5. 50 -5.70 0 4 9 1. 2o~:{ -1.49 
11 7 1. 30* -0.62 0 5 9 1.2o~:{ -1. 07 
12 7 1. 3o~:{ o. 36 0 6 9 1. 70 o. 58 
13 7 1. 30~{ -2. 16 0 7 9 8.50 8.61 
14 7 1. 3o~:{ -0. 51 0 8 9 3, 50 -2.22 
15 7 3.80 -3. 50 0 9 9 1. 3o~:{ -0.42 
16 7 1. 30~{ 2.36 0 10 9 1. 3o~:{ -3. 07 
17 7 4.60 -4.80 0 11 9 1. 3o~:{ -0.60 
18 7 1 . 2o~:{ 0.82 0 12 9 1. 30~{ -1. 55 
19 7 2.60 2 .. 82 0 13 9 4.40 4.57 
20 7 3.40 -3. 01 0 14 9 3.40 3. 15 
21 7 o. so~:{ o. 91 0 15 9 1. 2o~:{ -1.84 
1 8 4.90 -4.95 0 16 9 1. 2o~:{ -1. 11 
2 8 5. 50 -5. 78 0 17 9 1. 2o~:{ -2.34 
3 8 1. 1 o~:{ 0.89 0 18 9 1. 1 o~:{ 0.47 
4 8 8.20 -7.21 0 19 9 1 . oo~:{ -0. 17 
5 8 1. 20~{ 0.56 0 20 9 1. 80 2,3 3 
6 8 4.20 -0.32 0 1 10 11. 70 12. 1 5 
7 8 4.20 -3. 14 0 2 10 1. 70 2.29 
8 8 1.2o~:{ -0.39 0 3 10 6.70 -7. 30 
9 8 4.40 -3.97 0 4 10 1. 3o~:{ o. 51 
10 8 1. 3o~:{ 
-1. 55 0 5 10 2.50 2.31 
11 8 1. 3o~:{ -1. 18 0 6 10 7. 70 7. 55 
12 8 1. 3o~:{ 
-1. 92 0 7 10 5.20 5. 27 
13 8 2.90 - 3.00 0 8 10 4.90 3. 14 
14 8 1. 30~~ 1. 48 0 9 10 1. 80 2,41 
15 8 4.30 -3.55 0 10 10 5,20 -4. 58 
. 
(~:{) A starred value of F b indicates a reflection which ... vas too weak 
0 s. 
to be esimated on the film, These reflections were assigned an intensity 
equal to one-half the minimum observable intensity in that area of the film. 
h 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
92 
TABLE 1 7 - Continued 
k 1 F F h 
obs. calc. 
k ' 1 F F 
obs. calc. 
11 10 1. 3o~:, -0. 58 0 9 12 1. 3o~:: -0.92 
12 10 5.20 4.69 0 10 12 1. 3o~:' -0.20 
13 10 4.80 4.84 0 11 12 1. 3o~:, -0.52 
14 10 l. 80 o. 77 0 12 12 1. 3o~:, -1. 51 
15 10 5.60 5. 1 J 0 13 12 1. 3o~:, -1. 35 
16 10 3. oo~:: -3. 00 0 14 12 2.60 -2.36 
17 10 2.50 -2. 73 0 15 12 1. 1 o~:, o. 72 
18 10 2,00 l. 35 0 16 12 o. 9o~:' -1. 54 
19 10 0, 50~' 0, 35 0 17 12 0.90 l. 28 
1 11 7,70 8. 10 0 1 13 4,10 -5.29 
2 11 3,10 -3,45 0 2 13 1. 3o~:' l. 37 
3 11 1. 3o~:, 0,63 0 3 13 1. zo~:' -1.60 
4 11 1. 3o~:' 0. 31 0 4 13 4.90 -5.37 
5 11 1.3o~:' -0.55 0 5 13 3,70 2.49 
6 11 5, 10 4,70 0 6 13 3. 90 -3. 97 
7 11 3.90 2.79 0 7 13 3,60 -3. 52 
8 11 3. 20 3.64 0 8 13 1. 3o~:' -0.20 
9 11 2.60 -4.40 0 9 13 1. 3o~:: 0.22 
10 11 2.90 3. 31 0 10 13 2.50 -3,36 
11 11 3. 60 -3.07 0 11 13 l. 20~' -0,27 
12 11 4.40 3. 97 0 12 13 1. zo~:' -0.04 
13 11 2.20 l. 54 0 13 13 2.80 -2. 76 
14 11 1. 3o~:: l. 16 0 14 13 1. oo~:' -0. 58 
15 11 1. zo~:' 2,08 0 15 13 l. 40 -0. 71 
16 11 3. 90 -4.27 0 1 14 3.90 3.41 
17 11 2.40 l. 91 0 2 14 2.20 -2.93 
18 11 o. 80 -1. 56 0 3 14 1. 3o~:, 0. 33 
0 12 4.40 -4.05 0 4 14 1. 3o~:: -1. 00 
1 12 l. 80 2.95 0 5 14 1. 3o~:, -1. 92 
2 12 3. 30 -2.33 0 6 14 1. 3o~:' l. 79 
3 12 l. 80 -1. 72 0 7 14 1. 3o~:' o. 99 
4 12 4.00 4.06 0 8 14 l. 30}:< l. 81 
5 12 6.80 -7.70 0 9 14 1. zo~:' -2.27 
6 12 2.20 2.39 0 10 14 1. zo~:, -0.01 
7 12 l. 80 -1. 37 0 11 14 1. 1 o~:' -1. 08 
8 12 3.40 -2.42 0 12 14 l. 00~' -0. 63 
(~:') A starred value of F b indicates a reflection which was too weak 
0 s. 
to be estimated on the film, These reflections were assigned an intensity 
equal to one-half the minimum observable intensity in that area of the film. 
TABLE l 7 - Continued 
h k l F 
obs. F calc. 
0 13 14 l. 50 l. l 7 
0 14 14 0.70 2.26 
0 0 15 9.50 ll. 35 
0 l 15 2.20 -2.69 
0 2 15 3. l 0 2. 76 
0 3 15 1. 3o~:, o.ss 
0 4 15 3.30 - 3.50 
0 5 15 3.SO 3.93 
0 6 15 1. 2o~:, 0.62 
0 7 15 5. 00 5. 12 
0 s 15 1. 2o~:, l. l 0 
0 9 15 1. 2o~:' 0.6S 
0 10 15 1. oo ~:, - 1.46 
0 11 15 o. so~:, 0. 51 
0 12 15 o. 4o~:, o. 19 
0 l 16 l. 70 l. 7S 
0 2 16 2.00 2. 61 
0 3 16 2.30 -2.90 
0 4 16 2.00 l. 19 
0 5 16 1. 1 o~:, l. 42 
0 6 16 1. oo~:, O.S3 
0 7 16 1. oo~:, l. 25 
0 s 16 o. so~:, 0.03 
0 9 16 l. 50 2. 12 
(~:') A starred value of F b indicates a reflection which wa s too 
0 s. 
we a k to be estimated on the film. These reflections were assigned an 
intensity equal to one-half the minimum observable intensity in that 
area of the film. 
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DISCUSSION OF RESULTS AND SUGGESTIONS FOR FUTURE WORK 
Perhaps the most significant result of this work with re-
gard to the chemistry of the heteropoly tungstates is the direct deter-
mination of the positions of all the atoms in the anion. The positions 
of the tungsten atoms have been determined with less than 0. 01 R.. 
error in their parameters. Since the oxygen atoms contribute much 
less strongly than the tungsten atoms to the total scattering of the 
unit cell contents, the maximum error in any of the oxygen atom para-
meters is equal to 0. 15 R.. These errors are calculated during refine-
ment by the least-squares program (1 ). The positions which have been 
found provide the most accurate structure analysis to date for any poly-
anion. The results confirm definitely the existence, for some 12-
heteropoly anions, of the structure originally proposed by Keggin (2) 
for this class of compounds. The following paragraphs enlarge on the 
finer details of the anion framework. 
The tungsten atoms are located at the vertices of a slightly 
distorted cube-octahedron. Referring to Figure 6 (c), two tungsten 
atoms are shown superimposed at each of the four corners of the 
inscribed square, and the four atoms at the corners of the outer square 
appear to be coplanar. This representation is not quite correct. 
Figure 14 and Table 18 indicate the following departures from the sym-
metry of Figure 6 (c). The group consisting of atoms 1, 2, 3 and 4 is 
(1) W. R. Busing and H. A. Levy, A Crystallographic Least Squares 
Program for the IBM 704, ORNL Central Files Number 59-4-37, Oak 
Ridge National Laboratory, Oak Ridge, Tenn., April, 1959. 
(2) J. F. Keggin, Nature, 131, 908 (1933); Pi'oc. Roy. Soc. 
(London), Al44, 75 (1934). 
Fig. 14. Tungsten atom arrangement in the cube-octahedron, 
(' 
potassium 12 -tungstocoba1tiate. 
95 
96 
TABLE 18 
TUNGSTEN - TUNGSTEN INTERATOMIC DISTANCES 
Atom Distance Atom Distance 
0 ( R. > C ombination (A.) Combination 
4 - 7 3.31 1-4 3.72 
8-12 II 2-3 II 
2-5 II 9 - 10 II 
6 - 10 II 11-12 II 
3-6 II 
3-7 3.32 7 - 11 II 
6 - 11 II 1-8 II 
8-9 II 5-9 II 
1-5 II 4 - 8 II 
7-12 II 
1-2 3.33 2-6 II 
3-4 II 5-10 II 
9 - 12 II 
10-11 II 
5-6 4.92 1-3 5.04 
7-8 II 9-ll II 
1-9 II 4-12 " 
3-11 II 2-10 " 
2-4 II 
5 - 8 5.05 10- 12 II 
6-7 II 
not planar. Atoms 2 and 4 are 0. 06 R. above atoms 1 and 3. Simi-
o 
larly, atoms 10 and 12 are 0. 06 A. bel w atoms 9 and 11 in the base of 
the figure. Atoms 5, 6, 7 and 8 are not coplanar, but are staggered 
up and down alternately with a vertical displacement of 0. 31 R. from 
one to the next. Atoms 3 and 11 and 4 and 12 are not directly above 
one another but are shifted apart, in a direction parallel to the a-
axis, by about 0. 26 R. Figure 15 illustrates the various shifts from 
an undistorted configuration. 
It may be seen from Figure 7 that the top four tungsten atoms 
in the anion are enclosed in oxygen octahedra which are joined 
either by sharing edges or by sharing points. The tungsten-tungsten 
distance is larger for tho s e atoms enclosed in point- sharing 
octahedra than for those enclosed in octahedra which share edges. 
These distances are represented by the lines for atom combinations 
l-4 and 1 - 2 (Figure 14) respectively. With the present data, it is 
possible to rotate these links by 90° about a vertical a x is through 
the center of the anion and still to have compatibility with the 
Fourier projections. Furthermore, it is not possible to state whether 
atom 3 is to the right or left of atom ll (Figure 14). The reason 
for these ambiguities lies in the fact that the present conception of the 
structure was derived from two projections, and the symmetry of 
the anion is such that two different orientations appear identical in 
projection. 
The tungsten atoms are not located precisely in the centers of 
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the octahedra of oxygen atoms, but are displaced tow ard the outer 
surface of the anion. Figure 16 and Table 19 summarize the tungsten-
oxygen distances for one of the trigonal W 3013 groups. These results 
are important because they comprise the first direct determination of 
the locations of the peripheral oxygen atoms in any poly-anion, and they 
provide an indication of some rather strong polarization effects produced 
by the tungsten atoms. The extent of such polarization cannot be esti -
Fig. 15. Directions of shifts of the tungsten atoms from the corners 
of an ideal cube-octahedron, potassium 12-tungstocoba1tiate. 
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c axis 
1 
2 
a axis 
Fig. 16. Bond notation in one W 0 group, potassium 
3 13 
12-tungstocobaltiate. 
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TABLE 19 
TUNGSTEN - OXYGEN DISTANCES 
Atom Dist. Atom Dist. Atom Dist. 
Comb. (R. > Comb. <R. > Comb. (R. > 
A-1 l. 65 B-5 l. 84 C-4 2.43 
A-2 1.43 B-6 2.08 C-6 2. 14 
A-3 2.49 B-7 2.25 C-10 l. 74 
A-4 1.47 B-8 l. 59 C-11 1.47 
A-5 2.02 B-9 l. 76 C-12 l. 58 
A-6 2.48 B-10 l. 81 C-13 l. 72 
OXYGEN - OXYGEN DISTANCES 
1-2 2.56 5-7 3. 15 6-11 2.67 
1-3 2.40 5-8 2.87 6-12 2.89 
1-5 3.32 5-10 3. 12 4-ll 3. 10 
1-6 3.04 6-7 2.91 4 - 10 2.78 
2-3 3.28 7-8 2.88 10-12 2.93 
3-6 3.62 8:-10 2.60 11-12 3.02 
6-5 3.04 6-10 2.35 4-13 2.91 
5-2 2.70 9-6 2.74 13-10 2. 71 
4-2 2.80 9-7 2.92 13-12 2.97 
4-3 3. 18 9-8 2.70 13-11 2.68 
4-6 2.42 9-10 2.81 
4-5 2.09 
mated from x-ray diffraction experiments because the positions of 
pe a k electron density are taken as the locations of atomi c centers, and 
there is no direct determination of nuclear sites. Suppor t for such 
polarization effects h as been found from diffusion experiments {1 ), 
t he results of which indicate that the ion is unsolvated in a queous 
s olution. In view of these effects, it seems plausible that the struc-
ture of the anion in solution i s identical to th at whic h is obser v;e.d in 
the crystalline solid. 
The central tetrahedron of oxygen atoms is not quite regular. 
Such irregularities are predicted by th e Jahn-Teller theorem {2) 
whic h states that if the g round state of an electronic s y stem is degen-
erate, and no other means of lifting the degeneracy exists, then the 
degeneracy will be lifted by a distortion of t h e atomic environment. 
F igure 17 is a diagram of the tetrahedron, and Table 20 lists the b ond 
distances and bond angles involved. All of t h e oxygen atoms are e qui-
distant from the central atom as demanded by the s ymmetry of the 
s pace group po s i tions. The irregularity of the tetrahedron can be 
described as a comp ression in the vertical direction and a twist about 
a vertical a xis through the cobaltic ion. The distortion is of interest 
since the structure contains a cobaltic ion in the we a k tetrahedral 
field of the oxyg en atoms. According to the electrostatic concept s of 
crystal field theory, an i on with s ix d-electrons in a wea k tetrahedral 
field will h a ve one electron in each of t h e five d-orbitals and the sixth 
e lectron will enter the orbital of lowest energy and pair wit h the 
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electron which is a lready there. From a considera tion of the orientation 
in s pace of the f our ligands and the five d-orbitals, it can be s hown that 
{1) M. P ope and L. C. W. Baker, Private Communication, 196 G. 
{2) H. A. Jahn and E. Teller, Pr oc. Roy. Soc. (London), Al 6 1, 
220 (1957). 
Fig. 17. The central tetrahedron of oxygen atoms enclosing the 
cobaltic ion, potassium 12-tungstocobaltiate. 
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The central tetrahedr on of oxygen ato m s plus the cobaltic ion. 
3 
#1 - - - Cobal t (+3) 
#2 - - - Oxygen 
#3 -
#4 -
#5 -
II 
II 
II 
B ond Distances 
First Second 
atom atom 
1 2 
1 3 
1 4 
1 5 
2 3 
4 5 
2 5 
3 4 
3 5 
2 4 
0 A. 
l. 88 
II 
II 
II 
3 . 20 
II 
2. 69 
II 
3 . 31 
II 
2 
Fig. 17 
TABLE 20 
Bond Angl es 
First Second Third De grees 
atom (vertex) atom 
atom 
2 1 3 115 . 8 
2 1 5 90 . 8 
2 1 4 123.2 
3 1 4 90.8 
3 1 5 12 3.2 
4 1 5 115. 8 
103 
the d-orbitals, which are five-fold degenerate in field-free space, 
split up into two groups. The group of higher energy is three-fold 
degenerate and the group of lower energy is two-fold degenerate. 
This two-fold degeneracy is an example of the type referred to by 
Jahn and Teller. The sixth electron then must enter one of the two 
low-energy orbitals, which in this case are the d(z 2 ) and d{x2 - y2) 
orbitals. 
It is not possible at this time to state whether the distortion 
of the central Co04 tetrahedron is attributable completely to the 
effects which are expected on the basis of the theory of Jahn and 
Teller since the magnitude of the distortion can vary considerably 
depending upon the surroundings as well as energy requirements. 
The magnitude of the distortions resulting from the packing of the 
anions, cations and the water molecules in the unit cell cannot be 
determined from the results of this study. However, the closest 
approach between heteropoly anions places three oxygen atoms from 
each anion adjacent to one oxygen atom of a neighboring complex. 
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The three oxygen-oxygen distances between these neighboring complexes 
are 3. 6 7 R.., 4. 04 R. and 4. ll R.. Therefore it seems unreasonable 
that very tight packing forces exist between the anions directly. The 
total charge of each anion (-5) presumably is spread out over its 
surface, and the resultant low charge density makes it unlikely that 
electrostatic forces from the anion's charge can contribute very much 
to a distortion of the central tetrahedron. In view of this part of the 
discussion, it appears that the departure of the Co04 aggregate 
from true tetrahedral symmetry can be attributed largely to the effects 
visualized by Jahn and Teller. 
As mentioned earlier under refinement procedures, logical 
positions for three of the fifteen potassium ions in the unit cell are 
the three-fold special positions l I 2, O, l I 2; l I 2, l I 2, 51 6; 0, l I 2, l I 6. 
An inspection of the Okl Fourier projection does not reveal a peak of the 
height required for a potassium ion at 1 I 2, 0, 1 I 2, and suggests the 
possible statistical distribution of three of these ions over the unit cell. 
The general resolution of the Fourier projections cannot be relied 
upon to give unambiguous positions for the potassium ions or water 
molecules since both of the axes along which the projections are made 
are quite long. 
There are other considerations relevant to the water molecules. 
It has been mentioned that the crystals are efflorescent, and no de-
tails are available concerning the extent of dehydration which existed 
while the intensities were being recorded. Almost certainly, there 
was some loss of hydrated water during the x-ray exposures, and its 
influence on the data has not been determined. 
The major portion of the hydrated water must reside in the 
large cylindrical channel (diameter approximately 8. 5 R.) which is 
co-axial with the c-axis. There is a little less than 2 R. of vertical 
free spa ce between anions, and it seems unlikely that there should be 
much crowding of water molecules into this space when the large 
channels are available for comfortable packing of these constituents of 
the structure. 
To a certain extent, the rather poorly-defined positions for 
these species can effect the positions which are considered accurate 
for the atoms of the anion. However, the departure of the tungsten 
atoms from planarity in the square faces of the cube-octahedron are 
considered reliable in view of the large scattering power of tungsten 
and the small calculated error in the atomic positions. 
The direct determination of the positions of the oxygen atoms 
in this anion offer substantiation for the oxygen atom assignments 
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proposed by Dawson (1} for the structure of the anion ~04hW1805~-6 • 
In that investigation, the s1ze and shape of the crystals used in the 
analysis did not permit act:urate correction for absorption, As a 
result, the intensities were not determined well enough to lead to 
the clear development of oxygen atom peaks in the Fourier maps. 
The parameters chosen for the oxygen atoms were obtained by 
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fitting the appropriate oxygen confi::guration proposed by Keggin (Z) to the 
tungsten skeleton in the W 18 compound. Wells (3) proposed a structure 
slightly different from Dawson1 s for this compound, and even though 
Wells 1 tungsten atoms are not in exactly the positions determined by 
Dawson, the oxygen atom positions proposed by Dawson would be quite 
close to those proposed (without experimental evidence} by Wells. 
When a trigonal group of three W06 aggregates (one which is sharing 
corners, not edges, with the rest of the anion) is removed from each of 
two @oWlz04~ - 5 anions, and the two largest residues are placed together 
in such a way as to simulate the W l8 skeleton found by Dawson, then the 
resulting oxygen positions are essentially those proposed by Dawson. 
This consequence offers evidence for a preference for Dawson1 s oxygen 
atom parameters over those pictured by Wells. The fact that the W 1 z 
and W 9 anions are easily interconvertible in solution (4) lends further 
support to this argument, 
(1} B. Dawson, Acta Cryst,, ..!2 113 (1953). 
(Z)J. F. Keggin, Nature, ....!.l!_, 908 (1933). 
(3) A. F. Wells, "Structural Inorganic Chemistry", Second Edition, 
Oxford University Press, London, E. C. 4, England, 1950, p . 354. 
(4) H. Wu, J, Biol. Chem., 43, 189 (1920). 
The preparation of a Fourier summation from complete 
three-dimensional data may provide evidence for unambiguous location 
of all the extra-anionic unit cell contents. The problem of the 
missing three-fold potassium ion mentioned above could be resolved, 
and the effects of sporadic efflorescence from random unit cells 
near the surface of the crystal specimen may not seriously impede the 
recognition of the hydrated water molecules. Such data would not 
indicate a choice between the enantiomorphic space groups P6222 and 
P6 4 22, but having arbitrarily selected one of these, say P6222, the 
following ambiguity would be removed. From the present data, two 
projection planes intersecting at right angles and parallel to the 
square faces of the cube -octahedron, it is impossible to choose between 
the orientation of the anion as shown in Figure 7 and another orientation 
developed by the action of a horizontal mirror place through the cobal-
tic ion, even after arbitrary choice of the space group. Three - dimen-
sional data would provide a definite choice between these possibilites 
relative to an arbitrary selection of the space group • . 
Future structure work on the isomorphous Co(+2) analogue of 
the compound described here might give information pertaining to the 
extent of the Jahn-Teller distortion which appears to be operative in 
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the Co(+3) compound. For example, if the central oxygen atom tetra-
hedron in the Co(+2) compound were to have undistorted tetrahedral 
symmetry, the situation would support the contention that the Jahn-Teller 
distortion is in fact the major influence behind the irregularity of the 
Co04 group in the Co(+3) compound. A serious obstacle to single-
crystal studies of the Co (+2) compound is the extreme efflorescence 
of the crystals and the problems associated with the purification of the 
compound (1) 
(1) L. C. W. Baker and V. Simmons, Private Communication, 1960. 
Areas of interest which are related to the structures of this 
and similar compounds, and which are under investigation at present, 
are the following. The knowledge of the surroundings of the hetero-
atom can assist in the understanding of magnetic characteristics as 
found from magnetic susceptibility or electron paramagnetic re -
sonance experiments. Also, the large channels which run through the 
crystal expose a high per cent of the surface area of the anions. 
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There are possibilities for the use of this surface as a catalytic sub-
strate. The extremely rapid rate of electron exchange between the 
hetero-atom and an oxidizing or reducing agent in solution (1) suggests 
the potential usefulness of this class of compounds as semiconductors. 
(1} V. E. Simmons, N. F. Yannoni, K. Eriks and L. C. W. Baker, Ab-
stracts of Papers Presented before the Division of Inorganic Chemistry, 
National Meeting, Am. Chern. Soc., Atlantic City, N.J., September, 1959. 
III. AN ABSORPTION CORRECTION FOR THE 
BUERGER PRECESSION CAMERA 
AN ABSORPTION CORRECTION FOR THE 
BUERGER PRECESSION CAMERA 
INTRODUCTION 
Several references to the problem of the absorption of 
x-radiation by powder samples and single crystals may be found in 
the literature. Claasen (1) and Bradley {2) have used graphical inte-
') 
gration to calculate the absorption correction for cylindrical powder 
samples and single crystals. Evans and Eckstein {3) have computed 
the correction for spherical crystals by similar means while Joel 
et al. {4) discuss a correction deduced on the basis of geometry. 
Kersten and Lange (5) have described methods of shaping crystals 
(1) A. C1aasen, Phil. Mag., {7) :!_, 57 {1930). 
(2) A. J. Bradley, Proc. Phys. Soc. {London), 47, 879 (1935). 
(3) H. T. Evans Jr. and Miriam G. Eckstein, Acta Cryst., 
~ 540 (1952). 
{4) N. Joel, R. Vera and I Garaycochea, Acta Cryst., 6, 
365 (1953). 
{5) H. Kersten and W. Lange, Rev. Sci. Instr., 3, 790 (1932). 
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so that these corrections may be applied conveniently. Barbieri 
and D urand {1) and P epinsky (2 ) have reported similar work. Buerger 
{3) has der~ved a simple method of correcting upper-level equi-
inclination Weissenberg photographs for absorption by rod-shaped 
single crystals. 
There are no reference s to the application of absorption 
corrections to intensities recorded on precession photographs. It is 
not too surprising since most precession work is carried out with 
molybdenum radiation, the energy of which is substantially greater 
than that of copper radiation. Consequently, it is absorbed less by 
crystals, and for most of the elements (except those which lie near 
the absorption edge for molybdenum) the mass absorption coefficient 
is only about ten per cent of that found for copper radiation. F or heavy 
e l ements such as tungsten, however, absorption does become signifi-
cant and corrections must be applied to the intensities. 
In the structure analysis of potassium 12-tungstocobaltiate, 
rod-shaped single crystals were used for the precession photographs, 
(1 ) F . Barbieri and J. Durand, R ev. S ci. Instr., 27, 871 ( 1956) . 
(2 ) R . P epinsky, R ev. S ci. Instr., 24, 403 (1953). 
(3) M . J. Buerger and N . Niizeki, Am. Min . , 43, 726 (1958) . 
and the corrections derived below were used to obtain the correct 
value of the intensities. 
These corrections are suitable for use on data obtained 
with either cylindrical or spherical crystals. 
THEORY 
The complexities of deriving this correction for pre-
cession photographs can be reduced to one problem - that of 
correlating the location of a spot on the film with (l) the distance 
which the x-ray beam travels in passing through the crystal, and (2) 
the angle between the diffracted beam and the plane containing the 
direct beam and the spindle axis of the camera. This angle is the 
elevation of the diffracted beam above or below a horizontal plane. 
In the zero-level Weissenberg technique, it is equivalent to 2Q. 
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For the sake of simplicity, we may consider the upper 
left-hand quadrant of the reflection circle as seeil(lby the crystal 
(Figures 18, 19}. Since any regular plane of lattice points has two 
repeat distances, any spot on the film may be represented by the same 
repeat distances, correctly proportioned to film size, multiplied by 
the proper integers. These integers are the Miller indices of the 
reflecting plane. It should be borne in mind that the following condi-
tions are obeyed while a spot on the film is being produced by a 
diffracted x-ray beam. 
Fig. 18. Precession camera geometry. (After M. J. Buerger, 
"The Photography of the Reciprocal Lattice", The Mur ray Printing 
Company, Cambridge, Mass., 1944, p. 4.) 
113 
A· .. EWALD SPHERE 
B ... CRYSTAL AT CENTE R OF SPHERE 
c ... RECIPROCAL LATT ICE - ZERO LEVEL 
D ... II II POINT INTERSECTING SPHERE 
E ... REFLECTION ON FILM 
F ... FILM 
G ... PRECESSION ANGLE 
( 1) The crystal, mounted with its rod axis horizontal 
and parallel to the film, is performing an oscillation about a vertical 
axis. In this oscillation, the axis of the crystal is constrained to 
move in a horizontal plane. 
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(2) Simultaneously, the crystal performs a rotation 
about its axis. Again, this axis never moves out of a horizontal plane. 
(3) Each reflection observed on the film is really the 
superimposition of two separate reflections by the same crystal plane. 
The first of these occurs when the reciprocal lattice point represen-
ting the plane enters the Ewald sphere and the second when the point 
leaves it. 
The relationships of these conditions to the calculation 
of an absorption correction are listed below. 
(a) Condition (1) affects the length of the path 
of the beam through the crystal. For a precession angle of 30° the 
beam path varies between the diameter of the crystal for the minimum 
travel and (4/3) 1 / 2 times the diameter for the maximum travel. 
One of the results of this work is the proof that 
the path travelled by the beam, (L 1+L2 , Figure 20), is the same 
length for each of the two times that any one reciprocal lattice point 
passes into and then out of the Ewald sphere. 
(b) For crystals of circular, or close to circular 
cross-section, condition (2) has no effect on absorption since the 
same cross-section is presented to the beam independent of the 
amount of rotation about the crystal axis. 
(c) Condition {3) affects the correction in a 
slightly more complex manner. Since the absorption correction is 
a function of the angle of elevation ( E, Figure 20), two separate 
calculations must be made for each reflection. This is caused by the 
change in the geometry of the film-lattice-crystal system between the 
first and second superimposed reflections. It is a consequence of 
the precessing motion of the camera and is indicated in the accom-
panying derivation and drawings. 
The intention here is not to provide an absolutely rigor-
ous development involving integrations over the crystal volume etc. 
Rather, a somewhat simpler procedure has been devised which per-
mits the use of tables already in existence for cylindrical and spheri-
cal samples (1, 2) and which gives a close approximation to the actual 
situation. 
The steps in the correction process for each reflection 
are as follows. 
(1) A. J. Bradley, Proc. Phys. Soc. {London), 47, 879 {1935). 
(2) H. T. Evans Jr. and Miriam G. Eckstein, Acta Cryst., 5, 
540 {1952). 
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{ 1) The x (horizontal) and y (vertical) film 
coordinates of the spot on the film are found in mm. from the Miller 
indices of the reflecting plane and the repeat translations on the 
film, or by direct measurement. 
(2) From this information, and using the formu-
lae developed below, the total distance traveled by the beam through 
the crystal is calculated. This distance is used to find a suitable 
value for "r" as it occurs in rr, - the product of the linear absorp -
tion coefficient for the sample and the radius of the crystal. In this 
work, r has been taken as one half of the distance traveled by the 
beam which passes through the central axis of the crystal. That is, 
r is the sum of the distance from the point of entry of the beam to the 
crystal axis (L1) plus the distance from the crystal axis to the point 
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of emergence {L2 ) divided by two {Figure 20). The integration over 
all possible paths has been tabulated for both cylindrical and spherical 
specimens (1, 2, 3). In general, a different value for r is found for 
each reflection. This approximation introduces a slight error; -
{1} A. J. Bradley, Proc. Phys. Soc. (London), 47, 879 (1935). 
(2) A. Claasen, Phil. Mag., (7):?.: 57 (1930). 
(3) H. T. Evans Jr. and Miriam G. Eckstein, Acta Cryst., 5, 
540 ( 1952). 
about 7o/o in the most unfavorable cases. It is not a very serious 
error since this condition exists only when E is a maximum and, 
consequently, absorption corrections reach a minimum. The error 
drops away rapidly and is of the order of two percent for one fourth 
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of the reflections and less than one per cent for half of the reflec-
tions. These errors have been estimated by calculating the difference 
between absorption corrections for the exact and approximate crystal 
radii. F urthermore, this practice permits the use of the tables in 
the literature. The rigorous approach would require a numerical 
or graphical integration for each reflection on the film; a tedius and 
difficult task. 
(3) The value of f r is calculated. 
(4 ) Using the geometry of the precession camera, 
the angle of elevation of the reflection ( E , see Figure 20) is computed 
for each of the two passages of the reciprocal lattice point through the 
sphere of reflection. These angles will be designated as € 1 and E 2 . 
(5 ) We now have one value of )A r and two values 
of € for each reflection. The calculation of the absorption correc-
tion is made independently for each E . Since )1. r is different for 
each reflection, it might seem necessary to find the variation of the 
absorption correction with E and then find the proper factor for each 
E: • Numerical methods for reducing the computations involved are 
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presented in the section discussing the application of the correction. 
However, for the purpose of continuity here, we may assume that 
the absorption corrections relating to E 
1 
and t.
2 
for the calculated 
value of f r have been found in the literature. 
(6) The two corrections are combined according 
to the following reasoning. Let I and I be the absorption-free inten-
1 2 
sity for each of the two superimposed diffracted beams for the ideal 
case of a completely transparent crystal. This hypothetical intensity 
is a function of the orientation of the crystal plane and the arrange-
ment of the atoms. Therefore 11 = I 2 
and the true intensity of the total 
reflection is It= 1
1 
+ I 2 = 21 1 = 212 . What is actually observed in 
practice is 11 modified by A 1, the ratio of the intensity of the beam 
actually transmitted by the crystal to that which would be transmitted 
if absorption were not occurring, plus 12 similarly modified by A 2 . 
AI is not equal to A2 since the two angles € are, in general, unequal. 
Then: 
I I A I + 12 Az = 1o b s. 
II (AI + A2) = 1obs. 
11 = (lobs) I (Al + A2) 
It= 2Il = 2(Iobs.) I(Al + A2) 
In summary, each intensity is corrected by computing r 
and the two values of € , finding f r and 1 I A for each E, and 
calculating It as formulated above. 
The correction formulae have been developed for the 
following experimental conditions. The precession photographs must 
be of a zero-level or "central" reciprocal lattice plane and the pre-
cession angle must be 30°. These are the conditions used most 
frequently in precession photography, and the photographs used in 
the present study satisfy these conditions. Reasoning identical to 
that used here gives the general formulation for any precession angle 
at any level of the reciprocal lattice. The constraints mentioned 
above reduced the complexity of the derivation, and the formulae 
which were found may be used as building blocks for the equations cf 
the general case. 
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Assuming that the center of the circle of reflection moves 
in a clockw~se direction, the following possibilities exist for the pro-
duction of reflections (Figure 19). As the circle enters the quadrant 
mentioned above, the first of the two superimposed reflections takes 
place on either the left or the right side of a vertical diameter of the 
reflecting circle; that is, in areas A and D, or B and C (cases 1 and 
2 re-spectively). This diameter is parallel to the y-axis of the film 
at all times and the locus of its upper end is the smooth semi-circle 
with the horizontal diameter in Figure 19. There are four different 
possibilities for the second reflection. 
120 
Fig. 19. One quadrant of the circle of reflection. 
B 
0 
Area 
A 
D 
B 
c 
Case# 
3 
4 
5 
6 
Position of vertical 
diameter with respect 
to y-axis of film 
left of y-axis 
fl II II 
right of II 
11 n n 
Position of spot 
with respect to 
horiz. diameter 
above diameter 
below " 
above 11 
below 11 
The derivations for the six cases are different and Figures 20 to 25 
illustrate each case in the order listed above. In the last four 
cases, the reflection always occurs to the left of the vertical diame-
ter of the reflecting circle. 
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In Figures 20 to 25, the upper diagrams are perspective 
views of the precession system while the lower drawings represent 
the more important parts of the upper ones as seen from above. To 
avoid confusion, a consistent assignment of symbols has been used 
throughout. The following list applies to all six figures. 
E is the center of the crystal. 
EO is the path of the direct x-ray beam. 
NO and MO are reference x- and y-axes. They are mu-
tually orthogonal and perpendicular to EO. 
AO and BO are the directions of the x- and y-axes of 
the film, and their lengths are the x and y coordinates of point C. 
C represents the spot on the film. 
D is the center of the circle of reflection. 
The angle CED is 30°. 
DE is perpendicular to the reflecting circle. 
DG is perpendicular to CO. 
OE = 60 mm. 
R is the radius of the crystal cylinder. 
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L 1 = R.fcos ~ 
Si."' S = 0\o<joe = o K/6o 
OK= OA-Ak::. X-AI<.= X-<:f 
CF= CD COJ1 = 30 cos j 
0 I< :. X - 3 0 cos (f 
f' _ . -'(X-30 cost) 
'-' - s~"' t:.O 
L - 60 R. I -
J 3GOO- (x- 30 cost) 2 
} 
L z = R /cos b 
s '"" s = c F jc r: = cos t 
2 
L z =- ~Lf-cos-2~ 
2R 
= 
= 30 , 1- cos2. 't - Y 
.3 0 v cos z '(" + .3 
t a. 'r\- I { 3 0 ~ I - co'" 2. r - Y \ 
~0 y cos 1 ~ + 3 ) 
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Fig. 20. Reflection geometry for the p rece ssion camera, Case 1. 

L I :=. RIco s s 
Si.n ~ = OK./oe ~OK/GO 
OK= OA+AK = X +CF 
CF = CD cos (rr- ~") = 30 (-cor. "t") 
Si.'r\ b = C.FjcE =- coz~ "t 
2R 
'(
11 
= o<. +f3 = foYn,vl((.\:~ol'! foY d' Co..!.e 1.. 
o
0 
o L e t ~" .= -r 
01<, = X - 30 c.os 't 
C = 5 • ~ -'(x- =~co~ t ) 
L, = 60 R 
{3&00- (x- 30 co~ rr 
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Fig. 21. Reflection geometry for the precession camera, Case 2. 
~ ~~==~~~~~~~~-----
Si.Yl S = O't.joe = (X-C F) joe = cos(! 
2. I 
X- 3 0 co s ~ 
Q E Lz:::. 2 R 
¥ If - C OS 2 l I 
L. GO R 
~36oo -(x- 30 cos. '( 1 )2. 
= 
y = ; { 60 
V3f>Oo- (x- 30 c.o$(J' 1 ) '-
where 
- I 
ta.n ~ = f..! A Y-CH y - 3 0 vI- cos 2 ~I = -HE HE' 3oy cos.:Z..r' + 3 
t<tn r= C\-4 30{1- (0$ a r I = HE 
30 1 to s 2 r' + 3 
{ }+t~h-·{ 11- cos 2 t' } -I Y- 30 Yl-cos 2 '( ' € = to..n 30 J cos 2 ;( + 3 YCO'i>:l..j4 1+ 3 
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Fig. 22. R eflection geometry for the precession camera, Case 3. 

L, = R./ cos ~ L2. ==- R /c..o5 S 
SL"' s = Ol<../oE = (x-'3o c.os 't 1 )/c.o SL~ ~ = C.Fjcc = cos 1 
2.. 
I 
o=tB-cZ Lz = 2 R 
~4-cos 2 r 1 
cos 0 
1 
for t hi. s ca. s e = c o c:. 0 
1 f o v Ca. s e 3 
Si.Y\ce tos((3-<><..):= eos (cl....-{3) 
L, = 60 R 
y3600 - (x- ,30 cosy' )z. 
y = ~ { 60 2 ~360o- (x- 3o cos (f' 1 ) z. 
€=-cp-t 
Y+30 y I- c:osz. J4 1 
to.n ~ = 
30 V cos 2 ~' + 3 
il-cos 2 0 1 
{cos 2 r' + 3 
I 
E = t a. Yl-
1 
{ _Y_+ --;:::3 0:::::::::~ ==' -==c==o==s z.:::::r==' ====-} _ t a.:' { 
30y Co52 ~ 1 + .3 
Yl-cos 2 tt' 
{cosz.l'+ 3 } 
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Fig. 23. Reflection geometry for the precession camera, Case 4. 
0 
L1 = R/cos C 
S~l'l S = Ol<.jo£ : 4: F -x)j fo o 
=. (.3o c.os. 'd'- x )j c;,o 
60 R L = I 
f 3600 - (X - 3 0 c 0 s 0 I ) z 
y = .B_{ 60 2 
{'3600-(X-30c.osl! ' ) 2 
€ = <P + t 
tttn f = 
E = to.n 
C.H -
HE -
Vl-cos 2 d' ' 
yco<:. 2 0 '+ 3 
-I { Y-30 if1-c.os2.~' 
30 {cos.2"!'' + 3 
Lz. = R/cos b 
SL~-1 b ::. CF/CE = 
2.R 
I 
CoS r 
2 
~f-c.oszr' 
~cosl.t'+ 3 
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Fig. 24. Reflection geometry for the precession camera, Case 5. 
c 
L 1 =R./co<:.~ 
S~\'\ ~.: 0\<.,foE = (<: !=-'X) / GO 
= (3o c..os. 0 '-x)/6o 
r'= ;9- "'( 
l, = 60 R 
V3(;oo- (x -.3o cos r'F 
r = _B_ { bO 
2 {3boo - (x- 30 C.O~ r I) 'Z. 
t CH a.t-t ,,, =- = T HE' 
Y+ '3 0 v ( - cOS 1 I" I 
30~cos2.-r'+ .3 
~ 1- cos.Z.~' 
+ 
L 1 = R/c.os ~ 
$ t \"! S = C. F /C. ~ 
€. = [ Cl VI -l { _Y +--=3~0;::::::V ';:-=;c. o=s.=2. :::(' ==--} - t a. n -I { 
30{ cos 2. )" ' + 3 
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Fig. 25. Reflection geometry for the precession camera, Cas e 6. 

Summary of formulae for all possibilities: 
First reflections: 
R/, 60 2 ' 
r =: "!~ 3600- (x-30 cos ,..,)2 +v 4-cos2 'Y -; 
1 .(3600 
where COS 'Y = 00 (x-yV X2+? - 1) 
E = _ tan-1(30Vl-cos2r - y) 
30Vcos2-y+3 
Second reflections: 
_ R/1 60 
r- "!r 3600-(x-30 cos y') 2 
' 1 13600 where COS 'Y = 0U (X+Y. 2 z 
X +y 
For areas A and B (tag = 1) 
-l(y-30Vl-cos2x') 
€ = tan + 
30 v'cos2y' +3 
- 1) 
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The evaluation of E and T from these formulae was 
done on an IBM 650 computer and a close inspection of the output 
indicated that the values found for "r" for the first and second times 
that a reciprocal lattice point passed through the Ewald sphere were 
identical. Attempts to prove this algebraically were unsuccessful 
but a trace on the computation led to the proof of the equality of the 
two values of r, (rl and r 
2
), for the two superimposed reflections. 
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~ 3600 - (X- 3 0 t o s 1 )' 
60 + 2. J '1 - cos 2.1 
whev-e c.os"' = -' (x _ y ,r3&oo _ 1 ) o Go lx1.+ Y. 
+ 
Z ( bO) 
Let 
T _ { 4 (3600) Jt. 
1
- 4(36oo)-(x2..+ z.xy'lP + y2.P) J 
- ~ 4 - [ ( b1o) ( X + y yP)] 2. 
2. + 60 
Y3GOO- (~- J_ '(P) 2 
2 + . bO 
- y4- cose r' y36oo-(x- [~ + i_ vPJ) 2 
wheY e 
, )( + y'{P 
c.o s 0 = 60 
yt 
2 + 60 =- v"~-- cos 2 '0' ' y 3600- [x -(3o)(610)(x + y ff J] 2 
Yi :. 2. + 60 Yz = /4- cosz r' y 3600 - (X- 3 0 cos I'' ) 2. 
It was mentioned above that the average path lengths 
through the crystal would be used as the "mean" radius for absorp-
tion phenomena. This approximation is obtained as follows: 
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\I II .. lz. = oj eos 9-
h o o-2.. L: Ri=- + "' i-:: I co.s 9- c.o.s g.. 
0 _ .!.£ 3D O _ .., D 
+ "'+D-1=\+•••+ V\ 
co.se- CC).S9- C.0-'9-
= _£__ {I + na.- (I+ Z.-+- 3 + • • • + n)} 
cos 9- 'h 
The. SClme rroof 'no(cls foy <.P.). 
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APPLICATION OF THE METHOD 
'"f'he maximum and minimum v alues of f r for potassium 
12 -tungstocobaltiate, as found from the linear absorption coefficient 
of the compound and the radius of the rod-shaped crystal, are 3. 07 and 
2. 66. Table 21 lists values of 100 A (I) for 2. 6 ~ r ~ 3.1 as a 
function of E /2. (As used here, € /2 is somewhat analogous to the 
Bragg angle Q.) 
TABLE 21 
IOOA AS A FUNCTION OF € /2 FOR VARIOUS VALUES OF p r 
X r o.o 22.5 45.0 67.5 90.0 
2.6 2.27 3.82 7. 11 10.40 12. 11 
2.7 2.02 3.55 6.75 9.98 11.67 
2.8 I. 803 3.30 6.41 9.62 11.27 
2.9 I. 607 3.08 6.10 9.25 10.89 
3.0 1.436 2.885 5.82 8.89 10.54 
3. 1 1.288 2.705 5.58 8.57 10.21 
Table 22 lists the same values scaled so that at € /2 = 90.0° 
the value of IOOA for Jl r = 2.6 is equal to 100. 
( 1) A. J. Bradley, Pro c. Phys. So c. (London), 4 7, 879 
(1935). 
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TABLE 22 
SCALED VALUES OF 100 A FROM TABLE 21 
X r o.o 22.5 45 .0 67 .5 90.0 
2.6 18.7 31.5 58.6 85.8 100.0 
2.7 16.7 29.4 55.8 82.5 96.3 
2.8 14.9 27.2 53.0 79.5 93.0 
2.9 13.3 25.4 50.4 76.4 89.9 
3.0 11.9 23.8 49.0 73.4 87.0 
3. 1 10.6 22.4 46.0 70.8 84.4 
Since the corrections to be applied to the intensities are equal to 
liA, the values of Table 22 were divided into 100 to give Table 23. 
TABLE 23 
SCALED VALUES OF !lA AS A FUNCTION OF f rAND e.12 
X r o.o 22.5 45.0 67.5 90.0 
2.6 5.35 3.18 l. 71 l. 17 l. 00 
2.7 5.99 3.40 1. 79 1. 21 l. 04 
2.8 6.71 3.68 1. 89 l. 26 l. 08 
2.9 7.53 3.94 l. 99 l. 31 1.11 
3.0 8.40 4.20 2.04 l. 36 1. 15 
3. 1 9.44 4.47 2. 18 l. 41 1. 19 
This correction varies directly with f r since the correction increases 
for any particular €. 12 as f r increases. This correspondence 
suggested a "normalization" process for 1 I A similar to that followed 
1\ 
in deriving unitary scattering factors. Table 24 lists values of 1 I A 
obtained by dividing each entry in Table 23 by the value of f r to be 
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found at the left-hand end of the row containing the particular entry. 
Since the maximum value of E 12 obtainable with the precession 
camera is 30° , the calculation is carried only to 45°. The inter-
polated values of 1/ A for 
€12 = 11.25° and 33.75° were taken 
from smooth curves drawn through the data points of Table 23. 
Averages were computed for the data of Table 24 by dividing the 
range of jJ-r into three sub-ranges having the limits 2. 60-2.75, 
~ 2. 75-2.95 and 2. 95-3. 10. Average values of 1 I A for each sub-range 
were calculated and they are listed in Table 25. 
TABLE 24 
THE UNITARY ABSORPTION CORRECTION, "'I A, AS A FUNCTION 
OF E I 2 FOR VARIOUS VALUES OF ,)( r 
~ r o.oo 
2.6 2.06 
2.7 2.22 
2.8 2.40 
2.9 2.60 
3.0 2.80 
3. 1 3.04 
Ran~ o.oo 
of ~r 
2.60-2.75 2.20 
2.75-2.95 2.50 
2. 95-3. 10 2.85 
11.25 22.50 33.75 
1. 60 1. 22 0.91 
1. 70 1. 26 0.91 
1. 79 1. 32 0.93 
1. 90 1. 36 0.94 
1. 99 1.40 0.95 
2. 13 1.44 0.99 
TABLE 25 
AVERAGE VALUES OF 11A 
11.25 22.50 33.75 
1. 68 1. 26 0.91 
l. 84 l. 34 0.93 
2.02 1.41 0.96 
45.00 
0.66 
0.66 
0.68 
0.69 
0.69 
0.70 
45.00 
0.66 
0.68 
0.69 
It is possible to fit simple one-term exponential func-
A 
tions to the average values of I I A for each sub-range of JA r. A 
-bx least squares derivation of a function of the form y = ae where 
a and b are chosen to optimize the fit of the function to the data 
points produced a maximum discrepancy of less than three per cent 
for this particular application. The terms x andy represent G 12 
/\ . 
and I I A, respectlvely. These equations provide a direct path for 
the cal culation of 'i/A from any values of JA r and f:.l 2. Then 
given f r, the proper sub-range is selected and 1' I A is evaluated 
by the exponential expression for each value of E-1 2 pertaining to 
the reflection. The products of 
A f- r and both values of l I A are the 
two absorption corrections to be applied to the observed intensity as 
described above. 
The systematic nature of this treatment makes the calcu-
lation of the correction readily adaptable to high-speed automatic 
computers. A program to do this work was written for the IBM 650 
computer. The time required by this machine to calculate and apply 
this correction is nine seconds per reflection. 
The formulae derived above are suitable for spherical 
crystals as well as for rod-shaped specimens having circular or 
nearly circular eros s- sections. 
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Figures 26, 27 and 28 are supplied as an aid for the 
calculation of the absorption correction without the use of an auto-
matic computer. The quadrants represented in these drawings are 
just twi:ce the size of one quadrant on a precession film. A net, scaled 
up by a factor of two, which represents the reflection positions on 
the x-ray photograph should be drawn on transparent paper. This 
is placed upon Figure 26 to obtain the effective crystal radius for 
any reflection. The contours of this figure represent the factor by 
which the measured value of the radius of a cylindrical crystal 
must be multiplied to obtain one-half of the distance traveled through 
the crystal by the beam for each reflection. For spherical crystals, 
the measured radius of the specimen is used for the calculations. 
This result is used in the calculation of f r. Similar superpositions 
are made on Figures 27 and 28 to obtain the proper values of € /2. 
With this information, it is straightforward to find the absorption 
correction from the tables of the absorption corrections which have 
been referred to above. These results are used to compute the true 
intensity with the formula given above for It. 
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Fig. 26. Effective crystal radius, zero level. 
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Fig. 27. Angle of elevation for first reflection, El/2. 
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Fig. 28. Angle of elevation for second reflection, E. 2/2. 
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APPENDIX I 
DERIVATIO N OF A SCATTER ING FACTOR FOR A N I COSAHEDRON 
In order to facilitate s tructure factor calculation s in the be-
ginning stages for a group of twelve boron atoms which were assumed 
to be placed at the twelve vertices of a regul a r icosahedron, the 
following approximation w as made. It perm itted, in effect, the con-
tribution of the individual boron atoms to be replaced by the 
scattering from one lar ge icosahedral "atom'! As a result, the 
number of separately placed atoms, and their accompanying calcu-
lations, was reduced from twelve to one. 
T he total number of electrons per icosahedron was six ty; 
twelve boron atoms having five electrons each. These electrons 
were imagined to be smeared out uniformly over a spherical 
shell or s1.uface having a radius of 1. 64R.. This number is one-
half the diameter of an icosahedron minus the radius of one boron 
atom. In this way, the spherical surface inter s ects the centers of 
all boron atoms in the icosahedron. The approximation is rough 
and should not be used qualitatively for values of sin Q greater than 0. 4. 
An atomic scattering factor function is characterized by 
a :_function of the form (s in kr)/kr (1 ), where k = 4 lr'/ 'A , r is the 
r adius of the atom for which the scattering power is being derived 
and A is the wavelength of the incident radiation. In this case, the 
wavelength is that of the Cu K o( radiation, 1. 5418 R.., 4 "Tr / )... = 
12. 58R:' 1 and r = 1. 64 R. as mentioned above. T he functional 
(1) R . W. James, "The Optical P rinciples of the Diffraction 
of X-Rays," G. Bell and Sons Ltd., London, 1954, p. 97. 
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form of the icosahedral scattering factor is given by the expression 
f:icos. = 12 {fB) ((sin kr)/kr) 
where fB is the scattering factor of boron. 
Table 26 lists the icosahedral scattering factor as a 
function of sin 9 • The approximation agrees with the scattering 
power of an icosahedron of boron atoms to within t en per cent up 
to sine values of o. 4. 
TABLE 26 
THE ICOSAHEDRAL SCATTERING FACTOR AS A FUNCTION 
OF SIN 6 
SinG ficos. Sin 9 ficos. 
o. 00 60.00 o. 55 2.22 
o. 05 52.60 o. 60 2. 20 
o. l 0 36. 70 o. 65 l. 34 
o. 15 19. 35 0.70 o. 12 
o. 20 6. 10 0.75 -0. 95 
o. 25 -1. 89 o. 80 -1. 50 
o. 30 -5. 35 o. 85 - . -1. 38 
o. 35 -5. 36 o. 90 -0. 71 
0.40 -3. 39 0.95 o. 17 
0.45 -0. 91 1.00 0.89 
o. 50 1.14 
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A PPENDIX II 
A SUBROUTINE FOR WEIGH TING STRUC T URE FACTORS 
T he IBM 704 crystallo graphi c l east s qu ares progr am 
writte n by Bus ing and Levy (1) cal cul ates a w e i ghted R f a ctor by 
us ing ind iv i dual w e i ghting factor s for the obse r ved str uctu r e f a ctor s. 
These w e i ght factor s r e flect the accuracy of the obse r ved intens i ty 
for each reflection. 
For the pur po ses of the p ro gram , the wei ght ass o c i ated 
w i th a n y par ticul a r F b i s equal t o J l /cr2 w he r e a- i s the esti -
o s . 
mated er ror ass ociated with the intens i ty estimate. Sigma can be 
i n cluded as input data w ith the F b or it may be cal cul ated in the 
0 s . 
mac h ine if methods of we i ghting are developed aft e r the origin al 
data c a r ds h a ve been p r epared. T he we i ghting s ystem outlined below 
p rov ides the maximum wei ght t o tho se r e fl e ctions h a v ing intens i t i es 
in the m o st accurate compar ed r egion of the s t a ndar d used f o r the 
estimat ion of the inten s i t i e s. 
For the r e fl e ction s included in the r efinemen ts of the 
a lumi num b oride a nd the hete rop oly tun gs tate , F b varied between 
0 s . 
one a n d tw e n ty, a pprox imatel y . For a ll F 1 s g r eate r than or equal 
t o five , s i gma was given a value of 0 . lxF b T h i s c orresponds 
0 s. 
t o an estimated e rror of 20% in the obse r ved intens i t i es ; i. e . 
1 O% in the obse r ved str ucture f act or s . T he use of the sta ndard i s 
m o st a ccurate in the r egion w he r e F h a s the v alue of fou r t o five, 
a n d below th a t , the a ccuracy of the esti m a t ion dec r e a ses. T abl e 27 
lists the v alues of s i gma, the s qu ared w e i ght fa ctor f ou n d f rom the 
(1) W . R. B us ing and H . A . L evy, A Crystallo g raph ic Leas t Squar es 
Progr am f or the I BM 704, ORNL C entral Files Numbe r 59 - 4 - 37, Oak 
Ridge Nationa l L aborat ory , Oa k Ridge, Tenn., April, 1959. 
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formula 1/tr and the weight attributed to the F b which is equal 
to (1/o-2)1/2 o s . 
TABLE 27 
WEIGHTING SYSTEM FOR OBSERVED STRUCTURE FACTORS 
F 
obs. Sigma (Weight)
2 Weight 
F 6bs)5· 0 0.1xF b 0 s. 1/ (0. 1xF b 0 s. 
)2 1/ (0. 1xF b ) 
0 s. 
5. 0.) F~ b 1- 4. 0 0. 750 1. 778 1. 333 
0 s. 
4. 0) F b ~ 3. 0 1. 000 1. 000 1. 000 
0 s. 
3. 0) F b 4. 000 0. 063 0. 250 
0 s. 
····· 
: .. J 
" 
' 
The following codin g sequen ce produced the proper weights 
when used in the program. 
PUNCH SAP TRA XJ 
ORG 495 CALC 1 LDQ M4 
SYN 1681 ' . M4 FMP POINT 1 
MS SYN 1682 STO MS 
XJ SYN 560 TRA XJ 
XH CLAMS CALC 2 CLA WT 54 
T ZE XJ STO MS 
CLAM4 TRA XJ 
CAS FMINS CALC 3 CLA WT43 
NOP S TO MS 
TRA CALC 1 TRA XJ 
CAS FMIN4 FMIN 5 DEC 5. 0 
NOP FMIN 4 DEC 4. 0 
TRA CALC 2 FMIN 3 DEC 3. 0 
CAS FMIN 3 FOUR DEC 4. 0 
NOP POINT 1 DEC 0.1 
TRA CALC 3 WT54 DEC 0. 75 
CLA FOUR WT43 DEC 1. 0 
STO MS END 0 
APPEN DIX Ill 
THE GENERATION OF A NALYTICAL FUN CTIONS TO REPRESENT 
ATOMIC SCATTERING FACTORS 
F or the refinement of the crystal structure of potassium 
12 - tungstocobaltiate, precession photographs of the Okl zone of 
reflections were made using molybdenum radiation. Counting OkO 
and 001 reflections, a total of 3 32 reciprocal lattice points in the 
"tore of reflection11 pass through the E w ald sphere under the con-
ditions described previously. Of these, twelve are absent by 
s ymmetry demands of the s p a ce group {001 for 1-=/. 3n}. T here remain 
32 0 points for which structure factors must be calculated. A general 
structure factor program w a s written to do this work on the IBM 
650 computer. R ather th an fill several 50-"bucket" bands of drum 
storage with tabulated scattering factors, it seemed advisable to 
derive a simple function which would produce the desired atomic 
scattering factors using sin e as an independent variable . 
T he write r had derived a two-term Guassian e xponential 
function for C o {+3) over the CuKo{ range using the method of "dif-
ferential correct ion" . T hi s is a convenient way of fitting transcendental 
functions b y a least squares process to tabulat ed data. T he method i s 
desc r ibe d by Nielson {1) and Scarborough {2}. In this technique, the 
unknowns in the normal equations are the changes to be made in 
initial a pproximations to the functions. T his d erivation follows the 
(1) K. L. Nielson, " M ethods in Numerical Analysis", T he Macmillan 
C om p any, New York, 1956, p . 30 9. 
{2} J. B . Scarborough, "Numerical Mathematical Analy s is" , T he 
Johns H opkins P ress, Baltim ore, 1955, p . 4 63 . 
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lines of that used by Vand et al. (1) who employed the same method 
for many different atoms. 
Attempts to fit scattering factor curves over the molybdenum 
range with a two-term Gaussian expression were gene rally unsatis-
factory, as mentioned by Vand. Following his suggestion, a three ... 
term e xpr ession of the form Yj = Aje-ajx2 + Bje-bjx2 + C j w as 
chosen to represent the curves. In this equation, Yj = f j is the 
scattering factor of atom j; (A, a, B, b, C)j are constants for 
atom j , where (A+ B + C) . = Z ., the atomic number of atom j . 
J J 
Si n Q is represented by x. Since the method of differential correc-
tion i s an iterative process, a program to perform the derivation 
of the function was written for the IBM 6 50 computer. Analytical 
functions for t h e scattering factors of tungsten, cobalt (+ 3), 
potassium (+1) and oxygen were obtained. 
Tabulated values for the scatte ring factors of tungsten and 
cobalt (+3} as functions of (sin Q)/ ')\ were taken from the paper by 
Thomas and Umeda (2) and similar values for potassium (+1) and 
oxygen were taken from Berghuis et al. (3). The se were converted, 
by division by A for MoKo( , to appropriate values of sin Q, and 
ten roughly equidistant points in the range 0 ~ sin Q ~ 0. 925 were 
used for the derivation. 
{1) V. Vand, P. F. Eiland and R. Pepinsky, Acta Cryst., 
10, 303{1957). 
{2} L. H. Thomas and K. Umeda, J. Chem. P hys ., 26 , 293 
(1957). 
(3) J. Berghuis, IJ. M. Haanappel, M. Potter, B. 0. Loops tra, 
C. H. MacGillavry, and A. L. Veenendahl, Acta Cry st., ~~ 4 78 {1955). 
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The input to the program consists of ten values of sin2 Q, 
ten corresponding values of fj, and Zj• The program computes 
the initial estimates of the constants, evaluates the function at 
the ten data points, calculates the difference and the per cent 
difference between the tabulated and derived values, and the sum of 
the squares of the differences. All of these results are punched 
out on cards. Then the matrix of the normal equations is set up 
and inverted, and the changes to be made in the original values 
of the constants are found. These are punched out and the program 
changes the constants by the proper amounts, computes the values 
of the function, the differences, etc., and repeats the whole pro-
cedure automatically unless changes in all constants are less than 
0. 0001, in which case the iteration is stopped. 
Each cycle in the calculation takes approximately 62 seconds 
of machine time, and it is very convenient to follow the calculation 
by listing the output cards as soon as they are punched. The sum 
of the squares of the differences gives a reliable criterion by which 
the progress of the curve-fitting may be followed. The program is 
stopped manually when the minimum of the sum of the squar e s is 
reached. No test for convergence or divergence is included in the 
program because successive increase in the sum of squares indicates 
divergence. Also, if the process diverges, the function which is 
computed by the erroneous constants increases so rapidly that an 
overflow stop is caused in the machine. This did happen in the first 
attempt at finding a function to fit the oxygen data. It was rectified 
by setting the initial approximation for C equal to zero instead of two. 
Two had been used with success for the heavier atoms. 
This program is suitable for fitting any data which roughly 
resemble a scattering factor curs e. The assignment of non-uniform 
weights to the data may be accomplished by selecting data points as in 
the following example. 
If values of y are available for, say, twenty equally- s paced 
values of x from 0. 00 to 0. 95, the first half of the data could be 
weighted more heavily than the last half by fitting the function to 
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the y values at x = 0. 00, 0. 05, 0. l 0, 0. 15, 0. 20, 0. 25, 0. 35, 0. 55, 
O. 75, and O. 95. Furthermore, the three-term function may be 
used to simulate scattering factors for any element or ion for any 
particular radiation or simply as a function of (sin Q) I A. when 
tabulated values of the scattering factor as a function of (sin Q) I)\ 
are available. 
Since the completion of this work, publications of a similar 
nature have appeared in the literature. Freeman and Smith (1) have 
listed a sixth power polynomial approximation for most of the lighter 
atoms, while Forsyth and Wells (2} have duplicated the work 
presented here with some minor modifications. 
The following pages contain a flow-chart of the calculation 
and tables summarising the results for the atoms covered for this 
problem. 
(1} H. C. Freeman and J. E. W. L. Smith, Acta Cryst., ~ 
819 (1958}. 
(2} J. B. Forsyth and M. W ells, Acta Cryst., 12, 412 (1959). 
Compute these coef-
ficients with i=l 
Punch (x, y, A, %A ). 
]. 
J-----t~ Set i = i + 1 
up matrix, 
invert it, and solve 
for&, Aa,t:..B, Ab 
? 
new A, a, B, b, C 
for use in next cycle 
Stop 
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TABLE 28 
RATE OF REFINEMENT OF THE CONSTANTS 
A a B b c z:_ D. 2 
Tungsten 
50.834 0.404 I 21. 166 I 7. 117 2.000 2071.634 . 
twenty-one cycles 
I . I 36.458 3.559 17. 902 37.496 19.640 3. 053 
Cobalt (+ 3) 
14. 731 o. 566 7. 269 11. 166 2.000 189.593 
. . . . . . 
. . three cycles . . 
. . . 
113:883 
. . 
9.902 1.248 12.255 1.843 o. 756 
Potassium (+ 1) 
1 o. 735 0.617 5. 265 112. 528 2.000 180. 588 
. . tliree cycles . . 
. . . . 
. . . . . . 
6 . 962 2.094 8.643 29.660 2.394 0.040 
Oxygen 
4.399 o. 787 3. 600 17.329 o.ooo 23. 131 
. . . . . . 
. . Twenty cycles . . 
. . . . . . 
2. 071 5. 399 4.702 28.999 1. 227 0.025 
TABLE 29 
TABULATED AND CALCULATED VALUES OF fj FOR MoKo{ 
RADIATION 
f 
calc. \A\ %lb\ 
Tungsten 
0.0000 74. 00 74.00 o.oo o. 00 
0.0050 69. 52 70.27 +0. 75 1. 08 
0.0202 61. 31 61. 96 +0. 65 1. 06 
0.0458 53.95 53.83 -0. 12 o. 23 
0.0807 4 7. 60 47.86 +0.26 o. 55 
o. 126 7 42.33 43.02 +0.69 1. 63 
0.2470 34.12 34. 78 +0. 66 1. 93 
0.4096 28.18 28. 12 -0.06 0.20 
0.6115 23.74 23. 78 + 0.04 o. 15 
0.8556 20.34 21. 37 +1. 03 5. 09 
Cobalt (+3) 
o.oooo 24.00 24.00 o. 00 o. 00 
0.0050 23. 01 23.11 +0. 10 0.43 
0.0202 21. 50 20. 76 -0. 74 3.46 
0.0458 17.44 17. 68 +0. 24 1. 40 
o. 0807 14.72 14.79 +0. 07 o. 50 
0.1267 12.63 12.41 -0.22 1. 76 
0.2470 9. 76 9. 52 -0.24 2. 50 
0.4096 7. 77 7.82 +0.05 o. 70 
0.6115 6.37 6.46 +0. 09 1. 46 
0.8556 5·. 34 5. 25 -0.09 1. 72 
Potas smm (+ 1) 
o.oooo 18.00 18.00 o.oo o.oo 
0.0050 16.68 16. 73 o. 05 0.28 
0.0202 13. 76 13. 82 o. 06 o. 41 
0.0458 1 o. 96 1 o. 94 0.02 o. 26 
0.0807 9.04 9. 06 o. 02 0.26 
0.1267 7. 86 7.94 0.08 0.97 
0.2470 . 6. 51 6. 55 0.04 o. 63 
0.4096 5.39 5. 35 0.04 o. 78 
o. 6115 4.32 4.33 o. 01 0.23 
0.8556 3.40 3. 56 o. 16 4. 57 
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TABLE 29 - Continued. 
\A\ %lA\ 
Oxygen 
o.oooo 8.00 8. 00 o.oo o. 00 
0.0050 7. 25 7. 31 o. 06 o. 76 
0.0202 5. 63 5. 70 0.07 1. 20 
0.0458 4.09 4.09 o. 00 o.oo 
0.0807 3. 01 3. 02 0. OJ o. 31 
0.1267 2.34 2 . 39 o. 05 2.28 
0.2470 1. 71 1. 78 o. 07 3.64 
0.4096 1. 46 1. 45 o. 01 o. 56 
0. 6115 1. 30 1. 30 o. 00 o. 00 
0.8556 1. 14 1.25 0.11 9. 02 
APPENDIX IV 
SUBROUTINE FOR INCLUSION OF SPECIAL POSITIONS OF SPACE 
GROUP P6z22 IN LEAST SQUARES REFINEMENT 
The least squares program {1) can process structures 
with atoms in general positions only, or special positions only with 
the constraint that all atoms occupy the same set of special positions. 
The heteropoly tungstate refinement involved the use of both the 
general positions and the special positions 6i and 6j of space group 
P6 222. The description of the logic needed to handle this situation 
is given in general terms in the program manual. The following 
sequence of instructions assures proper handling of these special 
positions and the general positions as well. 
PUNCH 
XI 
T5 
A 
B 
HJ 
KJ 
~~t 571 
TXL A, 4, 4 
ORG 4437 
PZE B 
TXL XI+1, 4, 1 
~kjj l{J 
STO HJ 
STZ KJ 
TRA XI+1 
EQU 4316 
EQU 4317 
END 0 
(1) W. R. Busing and H. A. Levy, A Crystallographic Least Squares 
Program for the IBM 704, ORNL Central Files Number 59 ... 4-37, Oak 
Ridge National Laboratory, Oak Ridge, Tenn., April, 1959. 
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ABSTRACT 
The crystal structure of an aluminum boride with a high 
boron content, ''&>\AlB 12 ", has been investigated. X-ray diffraction 
photographs of levels zero to seven were obtained using Weissenberg 
equi-inclination techniques on a crystal rotating about the b - axis.. The 
tetragonal up.it cell axes are a = b = 10. 17 .X. and c = 14. 28 X. The 
space group is P 4 12 12 or its enantiomorph P 4 32 12. The number of 
formula units per unit cell, calculated using the experimental density 
of 2. 55 g./ cc., is 14. 4. 
This investigation has indicated that the. stoichiometry 
of the compound is possible AlB rather than AlB • The number of 
11 12 
formula units of AlB ll per unit cell, based upon the density mentioned 
above, is 15. 6. This figure is more compatible than 14.4 with the 
space group symmetry which requires the number of formula units 
per unit cell to be a multiple of four. 
A trial model of the structure, consisting of boron icosa-
hedra in which one boron atom per icosahedron is replaced at random 
by an aluminum atom, was subjected to least squares refinement on 
an IBM 704 computer. The discrepancy factor for 188 general reflec-
tions was reduced to 0. 35 after twelve cycles of refinement. 
S ince the minimum discrepancy factor for other trial 
models was 0. 60, the atomic arrangement obtained by the least squares 
process is considered to be a close approximation to the correct 
structure at the present time. 
Future work requires the computation of three-dimen-
sional electron density maps and least squares refinements which 
include all of the 1050 possible independent reflections. 
The crystal structure of potassium 12-tungstocobaltiate, 
K 5 [CoW 12o40 J . 20H20, has been determined. There are three 
molecules in the hexagonal unit cell. The axes are a = b = 19. 11 R.., 
c :. 12.54 R. and the space group is P6 222 or its enantiomorph P64 22. 
The anion contains twelve tungsten atoms arranged at the 
corners of a slightly distorted cube-octahedron. Each tungsten atom 
is surrounded by an irregular octahedron of oxygen atoms. The cabal-
tic ion is located at the center of the anion, and its four nearest 
neighbors are oxygen atoms situated at the vertices of a distorted 
tetrahedron. This is the first compound in which the cobaltic ion has 
been found in a tetrahedral environment. 
The anions are arranged in a helix which spirals about 
the c-axis. The large : channel at the center of the spiral contains 
water molecules and potassium ions. 
The discrepancy factor, based upon position parameters 
for all atoms, anisotropic temperature factors for the tungsten atoms 
and individual isotropic temperature factors for all remaining atoms, 
is 0.152 for the combined hkO and Okl zones. 
Standard deviations in the parameters are estimated at 
0 
0. OlA. for tungsten atoms and 0. 15 R. for oxygen atoms. Calcula -
tions of interatomic distances in the anion have shown that some of the 
distances between the tungsten atoms and the outer oxygen atoms are 
extremely short. These are discussed in terms of polarization of the 
outer oxygen atoms. The distortion of the central tetrahedron of 
oxygen atoms which surrounds the cobaltic ion is discussed on the basis 
of the Jahn-Teller theorem. 
An absorption correction for use with the Buerger preces-
sion camera has been developed. It is designed for 30° precession 
angle zero-level photographs of spherical or cylindrical crystals. 
Based upon the geometry of the precession method, equa-
tions have been derived for the calculation of the two quantities needed 
to permit the use of tabulated values for absorption corrections. These 
quantities are (a); the average path-lengths of the x-ray beam through 
the crystal, and (b); the vertical angle between the diffracted beam and 
a horizontal plane containing the incident beam and the crystal rotation 
axis. Both of these quantities are developed as functions of the posi-
tion of the reflection on the film. 
The application of the correction with the use of high-
speed digital computers is discussed . Graphs are presented to per-
mit the use of the correction when such computational facilities are 
not available. 
